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Abstract

This paper proposes alternative estimation procedures for semiparametric panel data mod-
els that allow handling complex and relevant empirical problems simultaneously, namely (i)
functional misspecification, by modelling stochastic observed common factors with a nonpara-
metric function instead of assuming the usual parametric form; (ii) cross-sectional dependence
arising simultaneously from common factors and spatial dependence; and iii) heterogeneous
relations among variables. We then consider a more general panel data model with several
types of cross-sectional dependence and obtain consistent and asymptotically normal estimat-
ors for both slope parameters and unknown functions by extending Pesaran’s (2006) common
correlated effect (CCE) approach to this semiparametric framework. Another methodological
and empirical challenge is how to test for poolability and fully parametric functional form. For
both cases, simple consistent test statistics are proposed and we show that they have limiting
standard distributions under the null hypothesis. The theoretical findings are further suppor-
ted for small samples via several Monte Carlo experiments, and an empirical application to
the knowledge capital production function is conducted.

Keywords: Cross-sectional dependence, Nonparametric estimation, Common correlated effects es-
timator, Nonparametric test, Knowledge capital production function.

*This work is part of the I+D+i project ref. PID2019-105986GB-C22, funded by MCIN/AEI/10.13039/
501100011033. The authors also gratefully acknowledge financial support from Research Project APIE 1/2015-
17: “New methods for the empirical analysis of financial markets” of the Santander Financial Institute (SANFI)
through the UCEIF Foundation, resolved by the University of Cantabria and funded through sponsorship from
Banco Santander. Part of the work was done during visits by Alexandra Soberon to the University of Ferrara.

1



1 Introduction

In the last decade, with the increasing process of globalization and the growing importance of the

economic and social interconnections across economic agents, the issue of cross-sectional depend-

ence (CSD) in panel data models has become of crucial relevance from both a theoretical and an

empirical point of view. While CSD has typically been introduced alternatively as a result of a finite

number of unobservable (and/or observed) common factors (Pesaran, 2006; Bai, 2009) or in the

consideration of spatial models (Lee and Yu, 2010), recent works highlight the importance of jointly

modelling both forms of dependence (Holly et al., 2010; Pesaran and Tosetti, 2011; Bailey et al.,

2016a; Shi and Lee, 2017). This is because although both factor and spatial models allow for CSD,

the motivations underlying these models differ meaningfully. In the first approach, the unobserved

factors are regarded as nuisance variables introduced to allow for CSD and to handle endogeneity

due to unobservable features, whereby the explanatory variables are allowed to be correlated with

the factors. The second approach is instead explicitly oriented toward modeling cross-sectional

interactions and capturing spatial spillovers or analyzing the global spatial diffusion process of

a random shock that occurs in a given cross-sectional unit (Debarsy et al., 2012). Moreover,

while factor and spatial models are related to the concepts of strong and weak CSD, respectively,

neglecting CSD may seriously affect empirical outcomes since cross-sectional independence of the

errors cannot be guaranteed and traditional panel estimators may provide misleading inferences or

inconsistent estimates (Pesaran, 2006; Chudik et al., 2011; Ertur and Musolesi, 2017).

One shortcoming of the above parametric models is that they are subject to strong restrictions

among variables that may not be supported by the data. In such situations, the risk of misspecific-

ation may be high and alternative specifications such as nonparametric and semiparametric models

may be more appealing. In recent years, these types of models have gained a lot of attention since

they avoid inconsistent estimates by imposing relatively little restrictions on model structures (see

Rodriguez-Poo and Soberon, 2017; Parmeter and Racine, 2018 for in-depth reviews). Nevertheless,

while there is a relatively rich literature on linear panel data models with CSD (see Pesaran, 2006;
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Holly et al., 2010; Bailey et al., 2016b, among others), few advances have been made in estimating

nonparametric and/or semiparametric models with CSD. On the one hand, when common factors

are allowed, Su and Jin (2012) and Huang (2013) consider a sieve and a local linear method, re-

spectively, to estimate a nonparametric panel data model, Cai et al. (2020) develop a local linear

procedure for functional-coefficient panel data models, and Dong et al. (2021) propose a sieve

method for a varying-coefficient panel data model with a partially observed factor structure. On

the other hand, when the CSD comes from spatial correlations, Robinson (2012), Lee and Robinson

(2015), and Soberon et al. (2021) propose several local linear procedures that enable taking into

account the CSD to achieve efficiency, whereas Gao et al. (2020) propose a semiparametric profile-

likelihood estimation method to estimate the slopes and the individual-specific trending functions.

However, to the best of our knowledge there is no nonparametric or semiparametric approach that

can deal with both types of CSD simultaneously. Readers are referred to the survey in Xu et al.

(2016) for more details on this topic.

In the first part of this paper we consider a more general semiparametric panel data model

that enables the handling of complex empirical problems, namely (i) functional misspecification;

(ii) CSD arising simultaneously from common factors and spatial dependence; and (iii) hetero-

geneous relations among variables. Andrews (2005), among others, highlights that assessing the

effect of common factors (such as technological, institutional, environmental, and health factors)

is of crucial relevance in many empirical cases. Specifically, one rationale for introducing such

specification is that in a number of circumstances such as wage, cost, or production functions,

parametric specifications for the main explanatory variables are well established and build on eco-

nomic theory. However, there is generally a high degree of uncertainty surrounding the way in

which common factors may affect the cross-sectional units (such as individuals, households, firms,

industries, or countries). For example, allowing for flexible forms may be suitable when focusing

on the effect of real common shocks (such as a decline in the aggregate demand) on productivity

or economic growth, when estimating the effects of oil prices on wages, employment, or production
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activity (Keane and Prasad, 1996; Hamilton, 2003), or when assessing the effect of global policies

such as the European Trading System, which sets a common carbon permit price across European

countries. In all these situations and others, it is likely that a parametric specification would be

an oversimplification of the underlying data generating process (DGP). To deal with this poten-

tial functional misspecification, we propose to model stochastic observed common factors with a

nonparametric function, instead of assuming the usual parametric form. Note that adopting such

a semiparametric model would also be extremely useful when the main interest lies in estimating

the slope parameters since it avoids inconsistent estimation of these parameters from erroneously

imposing a parametric form on the observed factors. At the same time, it also reduces the extent

of the curse of dimensionality problem that a fully nonparametric model would face. Furthermore,

with the aim of covering a variety of dependence settings, we propose a general form for the spatial

correlation that does not impose a specific parametric spatial diffusion process—as is quite usual

in this literature—and covers other well-known parametric spatial structures as special cases.

We first focus our attention on the consistent estimation of both homogeneous and heterogen-

eous slope parameters and unknown functions in the above model and also explore the asymptotic

distributions of the resulting estimators under rather standard conditions. Later, we also deal with

testing slope homogeneity and functional form. This can be very useful from an empirical point

of view since, in practice, economic theory usually cannot tell whether the regression relationship

is homogeneous or not, or whether a parametric functional form is preferred. There are indeed

a number of studies on testing for slope homogeneity in panel data models (see Phillips and Sul

(2003); Pesaran and Yamagata (2008); Su and Chen (2013), among others). However, this type

of parametric test may falsely reject the null of poolability when the data are truly poolable be-

cause the functional form is misspecified. For all of these reasons, in the second part of the paper

two alternative specification tests are proposed: a constancy test that enables assessing a linear

parametric functional form against a semiparametric alternative, and a poolability slope test for

a semiparametric specification. To the best of our knowledge, these tests are a novelty in the
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nonparametric/semiparametric CSD literature.

Finite-sample properties of the proposed estimators and test statistics are demonstrated via

simulations. In both the case of heterogeneous and homogeneous slopes, the proposed estimators

are robust to the presence of spatial dependence or fixed effects, while the test statistics perform

well for small samples, based on critical values obtained from the bootstrap method. Finally, an

empirical application to the knowledge capital production function of Griliches (1979) is conducted

by exploiting an annual country-level balanced panel data set covering 24 OECD countries from

1971 to 2014, with the price of oil considered as an observed common factor. Our results highlight

that we face a sizeable bias with respect to both the technological parameters and the effect of oil

prices when estimating a fully parametric model.

The remainder of the paper is organized as follows. In Section 2, we set up the econometric

model and provide a motivating example. In Section 3, we provide the main theoretical results.

In Section 4, we derive the limiting results of the proposed test statistics. Section 5 revisits the

empirical application. Finally, Section 6 offers some concluding remarks. Due to limitation of space,

we move the rest of this article to an online supplementary material: Appendix S1 presents the

technical assumptions required to obtain the main asymptotic properties of the estimators and tests

statistics discussed in Sections 3 and 4. Appendix S2 justifies the extension to the CCE approach

from a fully parametric model to a semiparametric setting. Appendix S3 presents an alternative

bootstrap procedure to better approximate the finite sample null distribution of the test statistics.

Appendix S4 defines the data and variables used in the empirical application. Appendix S5 includes

the Monte Carlo simulation results. Appendix S6 presents preliminary lemmas and the proofs of

the corresponding lemmas. Appendix S7 states the corresponding mathematical proofs to obtain

the asymptotic properties of the proposed estimators and test statistics.

Notation: We adopt the following notation throughout the paper. For a real matrix A ∈

Mm×m, where Mm×m is the space of real m×m matrices, we denote its Euclidean norm as ∥A∥ =

[tr(AA′)]1/2 and its generalized inverse as A−1. In addition, λ∗1(A) ≥ λ∗2(A) ≥ . . . ≥ λ∗m(A) are the
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eigenvalues of A and C is used for a fixed positive constant. The equation an = O(bn) states that

the deterministic sequence an is at most of order bn, xn = Op(yn) states that the vector of random

variables xn is at most of order yn in probability, and xn = op(yn) is of a smaller order than yn in

terms of probability. The operator
p−→ denotes convergence in probability,

d−→ denotes convergence

in distribution, and
q.m.−−−→ denotes convergence in quadratic mean. All asymptotics are carried out

under (N, T )
j−→ ∞, which means that N and T tend to infinity jointly but in no particular order.

Restrictions (if any) on the relative rates of convergence of N and T will be specified separately.

2 Model setting

2.1 Motivating example

Eberhardt et al. (2013) use data on 12 manufacturing industries in 10 countries to estimate the

knowledge capital production function of Griliches (1979). In this framework, R&D capital stock

is an additional input of a production function and accounts for knowledge capital:

Yit = g(Lit, Kit, Rit) exp(α
′
ict + γ′ift + ϵit),

where Yit is value-added, Lit and Kit are standard labor and capital inputs, and Rit is knowledge

capital. In addition, c′t = [d′t, z
′
t] is a vector of observed common factors, either deterministic (dt,

such as a time trend) or stochastic (zt, such as oil prices), ft is a vector of unobserved common

factors, and ϵit is a zero mean error term. Following Griliches (1979), among many others, Eber-

hardt et al. (2013) adopt a Cobb–Douglas technology, g(Lit, Kit, Rit) = Lβ1

it K
β2

it R
β3

it , and taking

logs they estimate the following specification:

yit = αict + β1lit + β2kit + β3rit + γ′ift + ϵit, (2.1)

where lowercase letters indicate that the variables are in log form. Eberhardt et al. (2013) use the
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CCE approach of Pesaran (2006)—also considering the case in which the technological parameters

β1, β2, and β3 are heterogeneous across cross-sectional units—and finally obtain “substantially lower

coefficients for the R&D capital stock”. This result contradicts most of the previous literature, and

for this reason is worth reassessing.

In this paper, we propose a new semiparametric heterogeneous panel data model that extends

the parametric one in (2.1) and which appears to be suitable for modeling the knowledge capital

production function. Specifically, we propose the following specification:

yit = αidt + β1ilit + β2ikit + β3irit +mi(zt) + γ′ift + ϵit. (2.2)

The first difference with respect to the parametric case (2.1) is that the stochastic observed

common factors, denoted as zt, enter the model via a nonparametric function mi(.) instead of

entering the model linearly. A motivation for introducing such a specification is that, despite

the well-known limitations of a Cobb–Douglas specification for g(Lit, Kit, Rit) (Ivaldi et al., 1996;

Ma et al., 2020), it remains the cornerstone of a huge literature in empirical economics at all

levels of aggregation (Doraszelski and Jaumandreu, 2013; Eberhardt et al., 2013; Ackerberg et al.,

2015; Antonioli et al., 2021) because it builds on economic theory and generally provides a good

approximation of the underlying data in a parsimonious setting. In contrast, there is generally

little prior knowledge—theoretical or empirical—about the shape of the relation between the ob-

served common factors and production at a sectoral level (or at a different level of aggregation).

Moreover, erroneously imposing a parametric form for the factors may lead to biased estimates

of the parameters of interest, β1i, β2i, and β3i. Observed common factors may include oil price

shocks that can affect production activity through their effects on production costs or measures

of worldwide economic activity (Kilian, 2009). The heterogeneous effects of these factors may be

the result of unit-specific technological constraints, for instance. More specifically, as far as the

price of oil is concerned, while a large body of research has attempted to estimate its effects on
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economic activity, the fact that oil price shocks contribute directly to economic decline remains

controversial as the empirical relation between oil prices and output has been very unstable across

previous works. Since the pioneering work of Mork (1989), such instability has been attributed

to a misspecification of the linear approximation of the relation between oil prices and economic

activity. Thus, it has been argued that economic activity responds asymmetrically to positive and

negative oil price shocks as rising oil prices should negatively affect aggregate economic activity

more than decreasing oil prices should stimulate it (Lescaroux and Mignon, 2008), thus calling for

the adoption of flexible specifications (Hamilton, 2003).

Second, it can be crucial to jointly model spatial interactions and common factors. While

previous studies have estimated production functions and addressed the issue of CSD either by

using a factor (Calderón et al., 2015) or a spatial approach (Parent and LeSage, 2008; Glass et al.,

2016) separately, it can be argued that these two forms of dependence may coexist and should

be considered simultaneously since they address different econometric issues and lead to different

economic insights. Moreover, Millo (2019) provides evidence of spatially correlated residuals even

after unobserved common factors are introduced in the model. It is therefore important to intro-

duce spatial error dependence into the model. Commonly used spatial processes such as the spatial

moving average (SMA) and the spatial autoregressive (SAR) model produce specific parametric

forms for the so-called spatial diffusion process of a random shock (see Debarsy et al. (2012)). How-

ever, in the present empirical framework (as in many other empirical applications), a more flexible

specification may be more appropriate. Moreover, a high degree of uncertainty may surround the

specification of the spatial matrix. With the aim of covering a variety of dependence settings, we

propose a more general form that does not impose a specific parametric spatial diffusion process

and covers other well-known parametric spatial structures as special cases.
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2.2 Econometric specification

Let yit be the observation on cross-sectional unit i at time t, and suppose that it is generated

according to the following DGP:

yit = α′
idt + x′itβi +mi(zt) + uit, i = 1, . . . , N, ti = 1, . . . , T, (2.3)

where dt = (d1t, d2t, . . . , dnt)
′ is an n×1 vector of observed common effects (including deterministic

regressors such as intercepts or seasonal dummies), xit is a p × 1 vector of observed explanatory

variables, zt is a q × 1 vector of observed stochastic common effects, and mi(·) is an unknown

smooth function to estimate. In addition, uit is a random error term which follows the following

multi-factor structure

uit = γ′ift + ϵit, (2.4)

where ft = (f1t, f2t, . . . , frt)
′ is an r×1 vector of unobserved common factors, γi = (γi1, γi2, . . . , γir)

′

are factor loadings, and ϵit is an idiosyncratic error of yit with zero mean, E(ϵitϵjt) = ωij for i ̸= j,

and E(ϵitϵjs) = 0 when i ̸= j and t ̸= s. Note that the number of unobserved factors, r, is

assumed to be fixed relative to N—more specifically, r < N . Moreover, the common factors, ft,

simultaneously affect all cross-sectional units, albeit with different degrees, as measured by γi.

In general, the unobserved factors ft are allowed to be correlated with the observed data

(xit, zt, dt). To allow for this possibility in a flexible way, this correlation can be modeled via

the following fairly general semiparametric model:

xit = A′
idt + gi(zt) + Γ′

ift + vit, (2.5)

where Ai and Γi are p × n and p × r factor loading matrices with fixed components, respectively,

vit is a p× 1 vector of individual-specific components of xit, and gi(zt) ≡ (g1i(zt), . . . , gpi(zt))
′ is a

p× 1 vector of unknown smooth functions.
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In order to jointly model spatial dependence and unobserved common factors, we rely on the

following assumption.

Assumption 2.1 (Spatial error dependence) Let ϵ·t = (ϵ1t, . . . , ϵNt)
′ be an N × 1 vector and

the individual-specific errors follow an arbitrary form such as

ϵ·t = Φ1/2η·t, (2.6)

where Φ1/2 is a given N × N matrix. In addition, for each i, ηit follows the linear stationary

process with absolute summable autocovariances, ηit =
∑∞

s=0 aisζis, where ζis ∼ iid(0, 1) with finite

fourth-order cumulants. In particular, V ar(ηit) =
∑∞

s=0 a
2
is = σ2

ηi
≤ σ2

η < ∞ for all i and some

constant σ2
η, where σ

2
ηi
> 0. Furthermore, Φ1/2 has bounded row and column norms.

Remark 2.1 Weak and strong dependence. Although the literature does not provide a single

definition of “weak” or “strong” dependence (Sarafidis, 2011; Chudik et al., 2011; Robinson, 2011;

Ertur and Musolesi, 2017), it is worth noting that the type of dependence arising from the factor

model and spatial errors depends on the adopted definition of weak/strong dependence and the

limiting properties of averaged factor loadings (Chudik et al., 2011; Sarafidis and Wansbeek, 2012).

A related and important concept is that of strong and weak factors (Chudik et al., 2011). Factor

models are typically used in the literature to represent strong CSD processes. Conversely, commonly

used parametric spatial models, under a standard set of regularity conditions, entail weak CSD

regardless of the definition adopted. It is notable that the proposed general type of spatial model

(2.6) may entail weak or strong dependence, as is discussed in Lemma 3.1.

The first part of this paper is focused on estimating the slope coefficients βi, smooth func-

tions mi(·), and their corresponding cross-sectional means, β = E(βi) and m(·) = E(mi(·)), by

controlling for various sources of CSD. Model (2.3)–(2.4) is sufficiently general and enables us to

deal with several limitations in the existing literature. Firstly, the semiparametric specification
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of (2.5) avoids possible misspecification problems. The parametric specification x′itβi enables us

to incorporate some prior information coming from economic theory or past experience in many

empirical frameworks, but (2.5) incorporates flexibility into the model, allowing the data to tailor

the shape of the observed common factor component (i.e., zt). Secondly, the above specification

includes a variety of panel data models as special cases. Whether the observed common factors

enter the model linearly, it renders the proposal in Pesaran (2006). Whether the coefficients αi

are treated as fixed or random, potential correlation with the regressors of the model must be

considered, as in Bai (2003, 2009) or Bai and Ng (2001), among others. Furthermore, the pro-

posed specification in (2.5) complements the contributions in Su and Jin (2012); Huang (2013);

Cai et al. (2020); Gao et al. (2020) where both observed and unobserved factors are assumed to

enter into the model parametrically, whereas a nonparametric relationship between the dependent

variable and the common factors is allowed. Thirdly, potential misspecification problems related

to the type of CSD are avoided by assuming that CSD may arise because of unobserved common

effects and/or spillover effects due to spatial or local dependencies. Finally, the most widely used

spatial models are covered by the general specification (2.6). These spatial models differ in the

range of dependence implied by their covariance matrices, but under certain invertibility condi-

tions they can all be written as special cases of (2.6). More precisely, the SAR model is obtained

by imposing the following form Φ1/2(θ0) = (IN − θ0WN)
−1, whereas the SMA process is given by

Φ1/2(θ0) = (IN + θ0WN), where WN is defined in the spatial econometrics literature as an N ×N

spatial weight matrix. Throughout the paper, we shall make use rather common assumptions that

are presented in the Appendix S1.

3 Estimation procedure and asymptotic properties

The main objective of this section is to provide an estimation procedure to consistently estimate

(2.3)–(2.4) under two different scenarios. In the first case, heterogeneous slope parameters and
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unknown functions are assumed and the estimation of their corresponding means (i.e., m(·) and

β, respectively) is of interest. In the second case, homogeneous slope parameters are assumed, i.e.,

βi = β. Further, their main asymptotic properties are analyzed.

3.1 Heterogeneous case

In Appendix S2, it is proved that the augmented method proposed in Pesaran (2006) can be

extended to a semiparametric setting when multifactor structures and spatial processes are allowed

jointly. Thus, ft can be well approximated by a linear function of observed variables such as yAt, xAt,

and dt and propose the following augmented regression model for (2.3)–(2.4):

yit = β′
ixit +mi(zt) + δ′iλt + eit, i = 1, . . . , N, t = 1, . . . , T, (3.1)

where λt = (yAt, xAt, dt) is a (1 + p + n) × 1 vector of observable proxies for ft, δi is a nuisance

parameter, eit = ϵit + op(1), and op(1) captures the possible approximation error for ft and γi.

Following Fan and Huang (2005), for any given βi and δi we can write

yit − x′itβi − λ′tδi = mi(zt) + eit, (3.2)

so the previous semiparametric model becomes a fully nonparametric model where the local linear

regression technique can be applied to estimate the smooth unknown function. Hence, for zt in a

small neighborhood of z, one can estimate the functions of interest by minimizing the following

weighted local least-squares problem:

T∑
t=1

[(yit − x′itβi − λ′tδi)−mi(z)− (zt − z)′Dmi
(z)]2KH(zt − z), (3.3)

where H is a q × q matrix that is symmetric and positive definite and each K(·) is a nonnegative

product kernel function such that for each u it holds that KH(u) = |H|−1
∏q

ℓ=1 k(H
−1uℓ), u =
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(u1, . . . , uq)
′, where k(·) is a univariate kernel function. LetKH(z) = diag{KH(zz−z), . . . , KH(zT−

z)} be a T × T matrix and Zz = [Z ′
z1
, . . . , Z ′

zT
]′ a T × (q + 1) matrix, where Zzt = [1, (zt − z)].

Assuming that Z ′
zKH(z)Zz is nonsingular, the solution to (3.3) for mi(·) is

m̂i(z,H) = ι′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z)(Yi· −Xi·βi − Λδi), (3.4)

where Yi ≡ (yi1, . . . , yiT ) is a T × 1 vector, Xi· ≡ (Xi1, . . . , XiT )
′ and Λ ≡ (λ1, . . . , λT )

′ are T × p

and T × (n+ 1+ p) matrices, respectively, and ι1 is a (1 + q)× 1 vector having 1 in the first entry

and all other entries being 0.

However, this estimator is infeasible since it depends on the unknown terms (βi, δi). To overcome

this, we use (3.4) to obtain a closed-form solution for these parametric estimators, plugging those

estimators into (3.4). Let mi(Z) = (mi(z1), . . . ,mi(zT ))
′ be a T × 1 vector of the smooth unknown

function. The corresponding estimator is of the form

m̂i(Z,H) =


ι′1(Z

′
zKH(z1)Zz)

−1Z ′
zKH(z1)

...

ι′1(Z
′
zKH(zT )Zz)

−1Z ′
zKH(zT )

 (Yi· −Xi·βi − Λδi) = S(Yi· −Xi·βi − Λδi), (3.5)

where S is a smoothing matrix that depends only on the observations of zt, t = 1, . . . , T . Writing

(3.2) in vectorial form and substituting (3.5) in (3.2), we get

Ŷi· = X̂i·βi + Λ̂δi + êi·, (3.6)

where êi· is a T -dimensional term such that êit = ϵit − (m̂i(Z,H) −mi(Z)) + op(1). In addition,

Ŷi· = (IT − S)Yi·, X̂i· = (IT − S)Xi·, and Λ̂ = (IT − S)Λ, where IT is a T × T diagonal matrix.

In order to estimate βi consistently, we use the idea of partitioned regression and define the

projection matrix MΛ̂ = IT − Λ̂(Λ̂′Λ̂)−1Λ̂′. Premultiplying both sides of (3.6) by MΛ̂ and applying
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least squares to the resulting model, we get

β̂SCCE,i =
(
X̂ ′

i·MΛ̂X̂i·

)−1

X̂ ′
i·MΛ̂Ŷi·. (3.7)

Similarly, a consistent estimator for δi is required, so we define the projection matrix MX̂i
=

IT − X̂i·(X̂
′
i·X̂i·)

−1X̂ ′
i·. Then, premultiplying both sides of (3.6) yields

δ̂SCCE,i =
(
Λ̂′MX̂i

Λ̂
)−1

Λ̂′MX̂i
Ŷi·, (3.8)

and using (3.7)–(3.8) in (3.4), the feasible nonparametric estimator for mi(·) is of the form

m̂CCE,i(z,H) = ι′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z)(Yi· −Xi·β̂i − Λδ̂i). (3.9)

Finally, if the parameters of interest are the cross-sectional means of βi and mi(·), we follow

Pesaran and Smith (1995) and propose a SCCE mean group estimator (SCCEMG) for β, which is

a simple average of the individual SCCE estimators of βi:

β̂SCCEMG =
1

N

N∑
i=1

β̂SCCE,i, (3.10)

while the corresponding nonparametric CCE mean group (CCEMG) estimator for m(·) is such that

m̂CCEMG(z,H) =
1

N

N∑
i=1

m̂CCE,i(z,H). (3.11)

Alternatively, we can make a generalization of the pooled estimator proposed in Pesaran (2006),

obtaining the following semiparametric CCE pooled estimator for β:

β̂SCCEP =

(
N∑
i=1

X̂ ′
i·MΛ̂X̂i·

)−1 N∑
i=1

X̂ ′
i·MΛ̂Ŷi·. (3.12)
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A nonparametric CCE pooled estimator for m(·) is also obtained such that

m̂CCEP (z,H) = ι′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z)

[
Y A· −N−1

N∑
i=1

Xi·β̂SCCE,i −N−1

N∑
i=1

Λδ̂SCCE,i

]
.

(3.13)

Note that a relevant feature of the above estimator is that given the fact that m(·) is a nonpara-

metric function of time-varying stochastic regressors, the pooled and mean group nonparametric

estimators are exactly the same, i.e., m̂CCEMG(z,H) ≡ m̂CCEP (z,H). Furthermore, before consid-

ering the main asymptotic properties of the proposed estimators, we first establish the following

lemmas that will be key to determining the impact of the weak or strong CSD on the rate of

convergence of the above estimators.

Lemma 3.1 Let εAt be a composed error term defined as in εAt = N−1
∑N

i=1 εit, where εit = ((ϵit+

v′itβi), vit)
′. Suppose that either ∥βi∥ < C or that the random coefficient assumption, Assumption

S1.4 in the Appendix S1, holds. Under Assumption 2.1 and Assumption S1.1 in the supplementary

material, for each t we have

a) E(εAt) = 0;

b) V ar(εAt) = O (N−1) under weak dependence or V ar(εAt) = O (1) under strong dependence.

See Pesaran and Tosetti (2011) for a detailed proof of this lemma. For any process of form (2.6)

this lemma guarantees εAt
q.m.→ 0, as N → ∞, and the degree of cross-sectional dependence of εi· will

be bounded by νN = N−2ı′NΦıN , where ıN is anN×1 vector of ones. If νN = O(N−1) is assumed, we

get V ar(εAt) = Op(N
−1) which is analogous to the common weak dependence assumption in time

series (see Chudik et al., 2011). For its part, boundedness Φ implies νN = O(1), so V ar(εAt) = O(1)

and we are allowing “long-range cross-sectional dependence” (see Robinson, 2012).

Replacing (2.3)–(2.4) in (3.7) and rearranging terms, we obtain

β̂SCCE,i − βi =
(
X̂ ′

i·MΛ̂X̂i·

)−1

X̂ ′
i·MΛ̂(IT − S)Fγi +

(
X̂ ′

i·MΛ̂X̂i·

)−1

X̂ ′
i·MΛ̂ϵi·,+op(c

2
H),
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since X̂ ′
i·MΛ̂mi(Z) = Op(c

2
H) (see the proof of Theorem 3.1). In the above expression, the direct

dependence of β̂SCCE,i on the unobserved factors F is observed, but in the following theorem

it is shown that the T -distribution of this estimator will not depend on the factor loadings as

N → ∞, whereas ϵit is independently distributed from (xit, zt, dt, ft). Furthermore, to derive the

asymptotic distribution of the above estimators, the following notation is required: X̃i· = Xi· −

BX(z), Λ̃ = Λ− BΛ(z), F̃ = F − BF (z), and D̃ = D − BD(z), where BX(z) = E(Xi·|zt = z)ρzt(z),

BΛ(z) = E(Λ|zt = z)ρzt(z), BF (z) = E[F |zt = z]ρzt(z), and BD(z) = E[D|zt = z]ρzt(z) for

D ≡ (d1, . . . , dT )
′ being a T × n matrix, we define MG̃ = IT − G̃(G̃′G̃)−1G̃′ as a T × T projection

matrix, where G̃ = (D̃, F̃ ) is a T × (n+ r) matrix. The proof of the following theorems are given

in the Appendix S7.

Theorem 3.1 (SCCE estimators) Consider the panel data model (2.3) and (2.4), and suppose

that Assumption 2.1 and Assumptions S1.1–S1.6(a), and S1.7–S1.11 in the Appendix S1 hold. As

N and T tend to infinity (in no particular order), β̂i is a consistent estimator of βSCCE,i. If it is

further assumed that
√
T/N → 0 as (N, T )

j−→ ∞,

√
T (β̂SCCE,i − βi)

d−−→ N
(
0,Σ−1

vi
ΣϵiΣ

−1
vi

)
,

where Σϵi = plim
T→∞

[
X̃ ′

i·MG̃ΩϵiMG̃X̃i·

T

]
and Ωϵi = E(ϵi·ϵ

′
i·) is a T ×T matrix, with ϵi· = (ϵi1, . . . , ϵiT )

′

being a T × 1 vector.

In Theorem 3.1, it is shown that the finite T -distribution of β̂SCCE,i will be asymptotically

normal if the rank condition of Assumption S1.5 holds and if N and T are of the same order

of magnitude, namely, if T/N → C, where C is a positive finite constant. Furthermore, similar

asymptotic results can be obtained whether the rank condition is violated, but that is beyond the

scope of this paper. See Pesaran and Tosetti (2011) for several examples of this.

Furthermore, consistent estimator of the asymptotic variance of β̂SCCE,i can be obtained using
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the Newey and West (1987)-type procedure, for example, and is given by

̂Asy.V ar(β̂SCCE,i) =

(
X̂ ′

i·MΛ̂X̂i·

T

)−1
X̂ ′

i·MΛ̂Ω̂ϵiMΛ̂X̂i·

T

(
X̂ ′

i·MΛ̂X̂i·

T

)−1

,

where Ω̂ϵi = T−1ϵ̂′i·ϵ̂i· and ϵ̂it = Ŷit − X̂ ′
itβ̂i.

Theorem 3.2 (Nonparametric SCCE estimators) Consider the panel data model presented in

(2.3) and (2.4) and suppose that Assumption 2.1 and Assumptions S1.1–S1.4 and S1.7–S1.11 in

the Appendix S1 hold. Then, m̂CCE,i(·) is a consistent estimator of mi(·). If it is further assumed

that
√
T |H|tr{H2} = O(1), as T → ∞,

√
T |H|

(
m̂CCE,i(z,H)−mi(z)−

1

2
µq
2(K)tr{H2Hmi

(z)}
)

d−−→ N

(
0,
σ2
ηi
Rq(K)

ρzt(z)

)
.

Theorem 3.2 reveals that rather standard results for local linear estimation are obtained as

T → ∞. In particular, m̂CCE,i(z,H) is consistent and asymptotically normally distributed with a

rate of convergence of
√
T |H|, regardless of the rank condition assumption.

Theorem 3.3 (SCCEMG estimators). Consider the panel data model presented in (2.3) and (2.4)

and suppose that Assumption 2.1 and Assumptions S1.1–S1.6(b), and S1.7–S1.11 in the Appendix

S1 hold. If it is further assumed that
√
Nc2H → 0, as (N, T )

j−→ ∞ then

√
N(β̂SCCEMG − β)

d−−→ N (0,Ωξ) .

Theorem 3.4 (SCCEP estimators). Consider the panel data model presented in (2.3) and (2.4)

and suppose that Assumption 2.1 and Assumptions S1.1–S1.6(c), and S1.7–S1.11 in the Appendix

S1 hold. If it is further assumed that
√
Nc2H → 0, as (N, T )

j−→ ∞ then

√
N(β̂SCCEP − β)

d−−→ N (0,Ψ∗−1R∗Ψ∗−1) ,
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where Ψ∗ = limN→∞

(
1
N

∑N
i=1Σvi

)
and R∗ = limN→∞

[
1
N

∑N
i=1ΣviΩξΣvi

]
.

The consistency problem related to the presence of unobserved common factors has been solved

again. However, several results should be pointed out. On the one hand, standard spatial techniques

are not required to deal with the efficiency issue related to the spatially correlated errors. As

expected, efficiency gains from pooling observations over the cross-sectional units are achieved since

the time-invariant variability of βi in Assumption S1.4 dominates the other sources of randomness

in the model (see Pesaran (2006) for further details), and these results are valid for any type of CSD

(i.e., strong or weak dependence). On the other hand, the rate of convergence of β̂SCCEMG and

β̂SCCEP is premultiplied by
√
N , rather than the usual

√
NT , if the rank condition in Assumption

S1.5 in the Appendix S1 is satisfied. Similar results are obtained if this condition does not hold.

Furthermore, a consistent estimator of the asymptotic variance of the SCCEMG estimator is

̂Asy.V ar(β̂SCCEMG) =
1

N(N − 1)

N∑
i=1

(β̂SCCCE,i − β̂SCCEMG)(β̂SCCCE,i − β̂SCCEMG)
′,

whereas the corresponding estimator of the asymptotic variance of the SCCEP estimator is

̂Asy.V ar(β̂SCCEP ) =
1

N
Ψ−1

NTRNTΨ
−1
NT ,

where ΨNT = 1
NT

∑N
i=1 X̂

′
i·MΛ̂X̂i· and

RNT =
1

(N − 1)T 2

N∑
i=1

(X̂ ′
i·MΛ̂X̂i·)

−1(β̂SCCE,i − β̂SCCEMG)(β̂SCCE,i − β̂SCCEMG)
′(X̂ ′

i·MΛ̂X̂i·)
−1.

A very nice feature of the above nonparametric variance estimators is that they avoid any

misspecification problem related to the spatial weights matrix since they do not require a priori

knowledge of the spatial weights matrix.

Theorem 3.5 (Nonparametric CCEMG and CCEP estimators). Consider the panel data model

presented in (2.3) and (2.4) and suppose that Assumption 2.1 and Assumptions S1.1–S1.4 and
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S1.7–S1.11 in the Appendix S1 hold. Given the
√
N-consistency of β̂SCCEMG and δ̂SCCEMG, where

δ̂SCCEMG = N−1
∑N

i=1 δ̂i, the mean group estimator for m(·) is consistent as N and T tend to infin-

ity (in no particular order). If it is further assumed that
√
NT |H|tr{H2} = O(1), as (N, T )

j−→ ∞,

√
T |H|ν−1/2

N

(
m̂CCEMG(z,H)−m(z)− 1

2
µq
2(K)tr{H2Hm(z)}

)
d−−→ N

(
0,
σ2
ηR

q(K)

ρzt(z)

)
,

where Hm(·) is the Hessian matrix of m(·).

The proposed estimation technique developed for m(·) enables solving the consistency problem

again, but a relevant result is obtained in terms of variance. Unlike the parametric estimates,

the variance of this nonparametric estimator exhibits a new element, i.e., νN , which reflects the

strengthening of the spatial correlation and depends directly on the particular specification of Φ.

Therefore, efficiency gains from pooling observations over the cross-section units are not achieved

and more efficient estimators could be obtained by taking into account the spatial correlation.

Note that this result is also obtained in Robinson (2012); Lee and Robinson (2015), and Soberon

et al. (2021) in a different framework and two-step estimation procedures are proposed in order to

obtain efficiency. Finally, the rate of convergence of this estimator depends on the rate of increase

of νN , if any, as was noted in Lemma 3.1. If weak dependence is assumed, the rate of convergence

is
√
NT |H|, whereas we get

√
T |H| if strong dependence is allowed.

Finally, the optimal bandwidth order is Op(T
−1/(4+q)), but we can be tempted to assume that

the optimal bandwidth is Op((NT )
−1/(4+q)). However, we are smoothing only in zt over time series

observations, so if we use the latter bandwidth we may be suggested a smaller bandwidth, especially

when N is large. See Phillips and Wang (2021) for further details.

3.2 Homogeneous case

Considering now a restricted submodel of (2.3) in which homogeneous slopes are assumed, i.e.,

βi = β, the homogeneous SCCE pooled (HSCCEP) and mean group (HSCCEMG) estimators
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proposed for β are exactly the same as the SCCEP and SCCEMG estimators in (3.10) and (3.12),

respectively (i.e., β̂HSCCEP ≡ β̂SCCEP and β̂HSCCEMG ≡ β̂SCCEMG), whereas the corresponding

estimator for m(·) is of the form

m̃HCCE(z,H) = ι′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z)[Y A· −XA·β̂HSCCE − Λδ̂SCCEMG], (3.14)

where δ̂SCCEMG is the mean group estimator for the mean of δi, defined as δ̂SCCEMG = N−1
∑N

i=1 δ̂i.

The following lemmas can be proved following a similar reasoning as for Theorems 3.3–3.5. For

the sake of brevity, the specific proofs have been omitted but are available upon request.

Theorem 3.6 (HSCCEMG estimators). Consider the panel data model presented in (2.3) and

(2.4) and suppose that Assumption 2.1 and Assumptions S1.1–S1.2, S1.5–S1.6(b), and S1.7–S1.11

in the Appendix S1 hold. Then, β̂HSCCEMG is a consistent estimator of β. If it is further assumed

that
√
Tc2H → 0, as (N, T )

j−→ ∞ then

√
Tν

−1/2
N (β̂HSCCEMG − β)

d−−→ N
(
0, σ2

ηΨ
∗−1
)
,

where Ψ∗ = lim
N→∞

(
1

N

N∑
i=1

Σvi

)
.

Theorem 3.7 (HSCCEP estimators). Consider the panel data model presented in (2.3) and (2.4)

and suppose that Assumption 2.1 and Assumptions S1.1–S1.2, S1.5–S1.6(c), and S1.7–S1.11 in the

Appendix S1 hold. Then, β̂HSCCEP is a consistent estimator of β. If it is further assumed that

√
Tc2H → 0, as (N, T )

j−→ ∞ then

√
Tν

−1/2
N (β̂HSCCEP − β)

d−−→ N
(
0, σ2

ηΨ
∗−1
)
,

where Ψ∗ = lim
N→∞

(
1

N

N∑
i=1

Σvi

)
.
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Theorem 3.8 (Nonparametric HCCE estimators). Consider the panel data model presented in

(2.3) and (2.4) and suppose that Assumption 2.1 and Assumptions S1.1–S1.2 and S1.7–S1.11

in the Appendix S1 hold. Given the
√
Tν

−1/2
N -consistency of β̂HSCCE and δ̂SCCEMG and since

m̂HCCE(z,H) is a consistent estimator of m(·) as N and T tend to infinity (in no particular

order), if it is further assumed that
√
T |H|ν−1/2

N tr{H2} = O(1), as N and T tend to infinity

√
T |H|ν−1/2

N

(
m̂HCCE(z,H)−m(z)− 1

2
µq
2(K)tr{H2Hm(z)}

)
d−−→ N

(
0,
σ2
ηR

q(K)

ρzt(z)

)
.

From the results in these theorems, we get that β̂HSCCEMG, β̂HSCCEP , and m̂HCCE(z,H) are

consistent estimators as N and T are sufficiently large. Nevertheless, the rate of convergence of

these estimators depends on the rate of increase of νN , if any, as was noted in Lemma 3.1. On the

one hand, the rate of convergence of the parametric estimators is
√
NT and

√
T under weak and

strong CSD, respectively. On the other hand, the convergence of β̂HSCCEP is of order (NT |H|)−1/2

under weak CSD and (T |H|)−1 under strong CSD. Furthermore, the asymptotic properties for

β̂HSCCEMG and β̂HSCCEP are exactly the same. In addition, the robust variance estimators proposed

for β̂SCCEP and β̂SCCEMG in the heterogeneous case are still valid for the homogeneous specification

since cross-sectional independence has been assumed for ηit in Assumption 2.1. However, robust

estimates of these asymptotic variances could be obtained considering a generalized version of the

Newey–West procedure that allows for spatial effects, but this is beyond the scope of this paper.

4 Hypothesis tests

In this section two simple consistent tests are proposed, combining the methodology of conditional

moment tests and nonparametric estimation techniques. Furthermore, the asymptotic properties

of both test statistics are analyzed using nondegenerate U-statistics theories.
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4.1 Constancy test

We are interested in testing the null hypothesis (Ha
0 ) that the true model is fully parametric, versus

the alternative hypothesis (Ha
1 ) that it is a semiparametric specification. Thus, we consider:

Ha
0 : Pr[m(zt) = ϕ(zt, π0)] = 1 for some π0 ∈ IRq,

Ha
1 : Pr[m(zt) = ϕ(zt, π)] < 1 for some π ∈ IRq,

where ϕ(·) is a known function with ϕ being the q × 1 (q ≥ 1) unknown parameter.

Denote ϵ̈a,i· = MΛ(Yi· − Xi·β − ϕ(Z, π)) as a T -dimensional vector and ρz(·) as the dens-

ity function of zt. Under Ha
0 , we have E[ϵ̈a,itE(ϵ̈a,it|zt)ρz(zt)] = 0 since E(ϵ̈a,it|zt) = E(ϵ̈it|zt) +

Op

(√
T
N

)
= 0, assuming T/N → 0 as (N, T ) → ∞. Similarly, under Ha

1 , E[ϵ̈a,itE(ϵ̈a,it|zt)ρz(zt)] =

E{[E(ϵ̈a,it|zt)]2ρz(zt)} > 0 since E(ϵ̈a,i·|zt) = E(MΛ|zt)(m(Z)−ϕ(Z; π))+ op(1). Therefore, we can

use the sample analogue of E[ϵ̈a,itE(ϵ̈a,it|zt)ρz(zt)] to form a test, where the use of ρz(·) as a weight

function avoids the usual random denominator problem (see Powell et al. (1989)).

The sample moment condition can be estimated by various nonparametric methods. However,

when constructing the test statistic we opt to use the local constant least-squares estimator (i.e.,

Nadaraya–Watson) since the local linear estimator proposed previously complicates the asymptotic

analysis of the test statistic (see Lin et al., 2014). Thus, the proposed test statistic is of the form

Îa =
1

NT |Hz|

N∑
i=1

N∑
j=1

̂̈ϵ′a,i·K(Z,Z )̂ϵ̈a,i·, (4.1)

whereK(Z,Z) is a T×T matrix whose (t, s)th elements areK(H−1
z (zt−zs)), andHz is a q×q matrix

of bandwidth. Note that to obtain a feasible test statistic and avoid further technical assumptions

that would be required for the test statistic to converge to zero under the alternative (see Li and

Wang (1998) for more details), we use the parametric residuals from the “mixed” regressions of

the form ̂̈ϵa,i· = MΛϵ̂a,i·, where ϵ̂a,it = yit − x′itβ̂SP − ϕ(zt, π̂), β̂SP is any semiparametric
√
NT -
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consistent estimator of β based on the alternative model (see (Robinson, 1988) for example), and

π̂ is the nonlinear least-squares estimator of π based on the null model. Furthermore, to avoid the

asymptotically non-negligible center term of this double summation test, we remove the (it) = (jt)

elements in (4.1). Then, the diagonal elements of K(·) are all zeros and the final form of our test

statistic is given by

Îa =
1

NT |Hz|

N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s ̸=t

̂̈ϵa,it̂ϵ̈a,jsK(zt, zs). (4.2)

The proposed test statistic is of the form of a U-statistic, independently of the fact that the

kernel function only depends on time series observations. Hence, we intend to employ the theories

developed in Hall (1984) and de Jong (1987) for U-statistics in order to derive the asymptotic

distribution of Îan. However, these CLTs cannot be applied directly due to the existence of CSD

generated by the presence of unobserved common factors, ft. Nevertheless, Assumption S1.13 in

Appendix S1 enables us to overcome this drawback since it allows obtaining independence among

different cross-sectional units conditional on both observable and unobservable common factors

(see Cai et al., 2020).

The asymptotic null distribution of the test statistic and the consistency of the test under the

alternative are given in the following two theorems.

Theorem 4.1 Suppose that Assumptions S1.1-S1.3, S1.5, S1.8, and S1.12-S1.16 in the Appendix

S1 hold. Under the null hypothesis Ha
0 , we have

Ja =
NT |Hz|1/2Îan√

Σ̂a

d−−→ N(0, 1), (4.3)

where Σ̂a =
2

N2T 2|Hz |
∑N

i=1

∑N
j ̸=i

∑T
t=1

∑T
s=1
̂̈ϵ2a,it̂ϵ̈2a,jsK2(zt, zs) is a consistent estimator of the asymp-

totic variance of NT |Hz|1/2Îa, i.e., Σa = 2σ4
ϵE[ρz(zt)]

∫
K2(u)du.

Theorem 4.2 Suppose that Assumptions S1.1-S1.3, S1.5–S1.8, and S1.12-S1.16 in the Appendix
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S1 hold. Under the alternative hypothesis Ha
1 , we have Pr(Ja ≥ Ma) → 1, as (N, T )

j−→ ∞,

where Ma is any non-stochastic, positive sequence such that Ma = o(NT |Hz|1/2).

Theorem 4.1 shows that Ja has an asymptotic standard normal distribution under Ha
0 at the

rate NT |Hz|1/2. Furthermore, this test statistic is user-friendly and easily computed since the

estimation of the asymptotic variance Σa involves the use of the transformed residuals ̂̈ϵa,it, which
does not require information on the unobserved factors. Theorem 4.2 means that the proposed test

is a one-sided test. The null hypothesis Ha
0 is rejected at a given significance level if Ja is greater

than the corresponding critical value. In addition, Ja is a consistent test since the probability

that the Ja test rejects Ha
0 approaches one as (N, T )

j−→ ∞ when Ha
0 is false. Nevertheless, kernel-

based nonparametric tests usually suffer substantial finite sample size distortions and converge very

slowly to the asymptotic distributions. Then, a bootstrap procedure may be proposed to better

approximate the finite sample null distribution of the Ja test. See Appendix S3 for further details.

4.2 Poolability test

We now consider a test for homogeneous versus heterogenenous slope parameters, i.e., does βi = βj

almost everywhere (a.e.) for all i and j? Hence, the null and alternative hypotheses are

Hb
0 : βi = β for some β0 ∈ IRd and all i;

Hb
1 : βi ̸= βj for any β ∈ IRd and some i ̸= j.

Denote ϵ̈b,i· = (ϵ̈b,i1, . . . , ϵ̈b,iT )
′ = MΛ(Yi· − Xi·β − mi(Z)) as a T -dimensional vector and

ρx,z(xit, zt) as the joint p.d.f. of (xit, zt). The idea of the poolability test is as follows. Under Hb
0, it

can be shown thatE[ϵ̈b,itE(ϵ̈b,it|xit, zt)ρx,z(xit, zt)] = 0 a.e., while underHb
1, E[ϵ̈b,itE(ϵ̈b,it|xit, zt)ρx,z(xit, zt)] >

0 a.e. Then, a consistent test for poolability can be constructed based on E[ϵ̈b,itE(ϵ̈b,it|xit, zt)ρx,z(xit, zt)].

However, E(ϵ̈b,it|xit, zt) has to be estimated by an appropriate kernel estimator using some semi-

parametric residuals to get a feasible test statistic and to overcome the random denominator

24



problem in the nonparametric estimators. We opt to estimate a density-weighted version of

E[üb,itE(üb,it|xit, zt)ρx,z(xit, zt)] that is given by E[üb,itρz(zt)E(üb,itρz(zt)|xit, zt)ρx,z(xit, zt)].

Let ̂̈ϵb,i· =MΛϵ̂b,i·, where ϵ̂b,i· = Yi· −Xi·β̂HSCCEP − m̂CCE,i(Z,H), the proposed test statistic is

Îb =
1

N2T 2|Hx||Hz|

N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s ̸=t

̂̈ϵb,it̂ϵ̈b,jsρ̂zt ρ̂zsK(zt, zs)K(xit, xjs), (4.4)

where K(xit, xjs) = K(H−1
x (xit − xjs)) is a non-negative product kernel function of the univariate

kernel functions kx(·). Note that in the above expression, the (it) = (js) term has been dropped to

remove a non-zero center term from Îb under Hb
0. In addition, ρ̂zt and ρ̂zs are the estimators of the

density functions ρz(zt) and ρz(zs), respectively, of the form ρ̂z(zt) =
1

(T−1)|H|
∑T

s ̸=tK(H−1(zt−zs)),

where H is a q × q matrix of smoothing parameters that is symmetric and positive definite. Note

that this estimator is common across sections and no further information is available in the cross-

sectional observations to raise efficiency. The only requirement for the kernel density estimate

ρ̂z(zt) to converge to the true density ρz(zt) is T |H| → ∞ as T → ∞.

The above test statistic is of the form of a degenerate U-statistic like the previous one, but we

need additional conditions for the bandwidth parameter and density functions as the collected in

Assumption S1.17 in Appendix S1. Following a similar reasoning as for the constancy test, in the

following theorems it is shown that Îb is asymptotically distributed standard normal under the null

hypothesis Hb
0, while diverging to infinity at a rate arbitrarily close to the sample size under the

alternative Hb
1. With this aim, we define ψ(z) = E(xit|zt = z) and assume ψ ∈ G4

µ.

Theorem 4.3 Suppose that Assumptions S1.1-S1.3, S1.5, S1.8, S1.12-S1.14, and S1.17 in Ap-

pendix S1 hold. Under the null hypothesis Hb
0, we have

J b =
NT |Hx|1/2|Hz|1/2Îb√

Σ̂b

d−−→ N(0, 1), (4.5)

where Σ̂b =
2

N2T 2|Hx||Hz |
∑N

i=1

∑N
j ̸=i

∑T
t=1

∑T
s=1
̂̈ϵ2b,it̂̈ϵ2b,jsρ̂2zt ρ̂2zsK2(xit, xjs)K

2(zt, zs) is a consistent es-
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timator of the asymptotic variance of NT |Hx|1/2|Hz|1/2Îb, i.e.,

Σb = 2σ4
ϵ

∫
K2(u1)du1

∫
K2(u2)du2E[ρ

4
z(zt)ρx,z(x1t, zt)].

Theorem 4.4 Suppose that Assumptions S1.1-S1.3, S1.5, S1.8, S1.12-S1.14, and S1.17 in Ap-

pendix S1 hold. Under the alternative hypothesis Hb
1, we have Pr(J b ≥M b) → 1, as (N, T )

j−→

∞, where M b is any non-stochastic, positive sequence such that M b = o(NT |Hx|1/2|Hz|1/2).

From Theorems 4.3–4.4, similar conclusions to those from Theorems 4.1–4.2 are obtained. Fi-

nally, a bootstrap method can be proposed to approximate the finite sample null distribution of

J b by extending the procedure proposed in Appendix S3 for this particular case and using the

semiparametric residuals ϵ̂b,it = yit − x′itβ̂HSCCEP − m̂CCE,i(zt, H) instead of ϵ̂a,it.

5 Empirical illustration

In this section, we provide an illustration of the usefulness of the proposed approach by estimating

some variants of (2.2) using a new annual country-level balanced panel dataset covering 24 OECD

countries from 1971 to 2014 (see Appendix S5). We also perform model selection by exploiting

the above-discussed constancy and poolability tests and focus attention on the bias that may arise

when erroneously estimating more constrained and misspecified models.

The estimation results are presented in Table 1. In column (i), we estimate the most constrained

model similar to Eberhardt et al. (2013), i.e. the fully parametric CCE model with homogeneous

slope parameters, β1i = β1, β2i = β2, β3i = β3, and without including the oil price index which has

been built following Hamilton (1996) and Davis and Haltiwanger (2001). Then, in column (ii) we

add a linear and homogeneous effect by imposing mi(zt) = ϕzt in (2.2). In column (iii), we allow

for a possible nonlinear effect of the price of oil by considering a second-order polynomial function,

mi(zt) = ϕ1zt + ϕ2z
2
t . In column (iv), we consider the homogeneous pooled semiparametric
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estimator (HSCCEP), which relaxes the parametric specification for the observed common factor

but maintains the homogeneity assumption, mi(zt) = m(zt), β1i = β1, β2i = β2, β3i = β3.

As far as the parametric CCE model (i) is concerned, the estimated output elasticities with

respect to labor, capital, and R&D stock are 0.56, 0.29, and 0.03, respectively. These estimates are

extremely similar to those obtained by Eberhardt et al. (2013) and Millo (2019). The inclusion of

the oil price index (columns (ii)–(iii)) does not at all affect the estimated technological parameters.

Also note that the estimated coefficient of the oil price index (ii) is very low in magnitude and

is not significant, and that when the oil price index enters into the model with a second-order

polynomial function (iii) the results do not improve as the two parameters associated with the oil

price index are still non-significant.

Table 1: Fully parametric and semiparametric results

CCEP HSCCEP
ln Lit 0.556∗∗∗ 0.556∗∗∗ 0.556∗∗∗ 0.620∗∗∗

(17.692) (17.674) (17.683) (5.075)
ln Kit 0.294∗∗∗ 0.294∗∗∗ 0.294∗∗∗ 0.266∗∗∗

(11.578) (11.567) (11.572) (3.088)
ln Rit 0.030∗∗∗ 0.030∗∗∗ 0.030∗∗∗ 0.055∗∗∗

(3.058) (3.055) (3.057) (2.909)
oil -9.694e-11 −9.177e− 11

(-1.369e-08) (-1.297e-08)
oil2 2.681e-10

(1.447e-08)

SP test 0.346∗∗ 0.346∗∗

(0.039) (0.039)
Pooling test 0.923

(0.606)
Notes.
Estimators: CCEP: pooled estimator (Pesaran, 2006); HSCCEP: homogeneous
semiparametric CCEP estimator. The t-values within brackets for the CCEP are
constructed from White heteroskedasticity-robust standard errors.
Significance at the ∗∗∗1% and ∗∗5% level.

Overall, these results are rather unsatisfactory as they suggest the existence of decreasing

returns to scale, with an estimated elasticity of scale equal to 0.88, which may be implausibly low.

More specifically, the non-significance of the oil price index as well as the very low coefficient of

R&D stock contradict a huge amount of empirical literature.

We then perform the constancy test, and to address the finite sample size distortion we adopt

the bootstrap procedure described in Appendix S3. The results of the test indicate a rejection of
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Figure 1: Estimated output-oil price index relation in a semiparametric knowledge production
function framework: nonparametric HCCE estimator, m̂HCCE(z,H)

Notes: The dotted lines indicate the 95% pointwise confidence interval.

the fully parametric models (ii) and (iii) at a 5% significance level, in favor of the semiparametric

alternative pooled model. Allowing for a nonparametric function m(·) may be important to avoid

misspecification bias not only with respect to the estimated effect of the observed common factors—

here, the oil price index—but also with respect to the estimation of the parameters of interest—

here, the technological parameters in a Griliches-type production function. We find that this

bias is empirically sizeable, as when estimating the semiparametric HSCCEP model in (iv) the

results change substantially. Indeed, the returns to scale increase to 0.94 and the estimated output

elasticity with respect to R&D increases to 0.055. This result appears to be consistent with the

huge amount of literature surveyed by Hall et al. (2010). Moreover, and very importantly, as far the

effect of oil price is concerned Figure 1 depicts the estimated functional relation, which is clearly

nonlinear and confirms some previous complementary time series evidence of an asymmetric effect

of oil prices on GDP (Hamilton, 2003).

Finally, we focus on the issue of poolability. Assuming homogeneity in the slope parameters

and in the unknown functions could be questioned, as a theoretical foundation for heterogeneous

slope parameters across countries can be found in the “new growth” literature, which argues that

technology differs across countries (Brock and Durlauf, 2001; Durlauf et al., 2001). Moreover, the
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heterogeneous effect of the oil price may be the result of country-specific technological constraints.

Consequently, in principle it may be relevant to consider estimators that are built under the

assumption of heterogeneity both in the slope parameters, β1i, β2i, β3i, and in the unknown function

mi(zt). We therefore perform the proposed poolability test, which clearly does not reject the

null hypothesis, thus favoring the homogeneous specification (iv). This result is interesting and

complements previous studies suggesting that despite the fact that heterogeneous estimators can

be suitable in principle, according to both economic theory and to avoid an heterogeneity bias,

homogeneous estimators can often be preferable in practice and can be more reliable because of

their efficiency gains (see Baltagi et al. (2002, 2003)).

6 Conclusion

This paper proposes a new semiparametric heterogeneous panel data model to simultaneously

handle complex and relevant empirical problems, namely (i) functional misspecification, by mod-

elling stochastic observed common factors with a nonparametric function instead of assuming the

usual parametric form; (ii) CSD arising simultaneously from common factors and spatial depend-

ence, neither imposing a specific parametric spatial diffusion process nor requiring the specification

of a given interaction matrix for the latter but, rather, it being directly derived from the data; iii)

heterogeneous relations.

Asymptotic theory for alternative semiparametric estimators and specification testing proced-

ures are provided, as well as Monte Carlo experiments and an empirical illustration. For the latter,

we revisit the knowledge capital production function à la Griliches, for which the proposed con-

stancy and poolability tests go toward the adoption of a semiparametric pooled specification. The

empirical results highlight that relaxing the parametric specification for the observed factor (here,

an oil price index) greatly affects the estimates—indicating a sizeable bias when estimating a fully

parametric model—and ultimately, we obtain results that appear to be much more consistent with
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respect to economic theory.
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The supplementary file includes 7 sections: Appendix S1 presents the technical assumptions

required to obtain the main asymptotic properties of the estimators and tests statistics discussed in

Sections 3 and 4. Appendix S2 justifies the extension to the CCE approach from a fully parametric

model to a semiparametric setting. Appendix S3 presents an alternative bootstrap procedure to

better approximate the finite sample null distribution of the test statistics. Appendix S4 defines

the data and variables used in the empirical application. Appendix S5 includes the Monte Carlo

simulation results. Appendix S6 presents preliminary lemmas and the proofs of the corresponding

lemmas. Appendix S7 states the corresponding mathematical proofs to obtain the asymptotic

properties of the proposed estimators and test statistics.

S1 TECHNICAL ASSUMPTIONS

Assumption S1.1 (Individual-specific errors) The individual-specific errors ϵit and vjs are

distributed independently for all i, j, t, and s. For each i, vit follows a linear stationary process

with absolute summable autocovariances given by vit =
∑∞

s=0 Sisςi,t−s, where for each i, ςit is a p×1

vector of serially uncorrelated random variables with mean zero, Ip variance matrix, and finite

fourth-order cumulants. For each i, the coefficient matrices Sis satisfy the condition V ar(vit) =∑∞
s=0 SisS

′
is = Σvi, where Σvi is a p× p positive definite matrix such that supi ∥Σvi∥ < C.
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Assumption S1.2 (Common effects) The (n+ r + q)× 1 vector of common effects (d′t, f
′
t , z

′
t)

′

is covariance stationary with absolute summable autocovariances, distributed independently of the

individual-specific errors, ϵis and vis, for all i, t, and s.

Assumption S1.3 (Factor loadings) The unobserved factor loadings γi and Γi are independ-

ently and identically distributed across i, and of the individual-specific errors (vjt, ϵjt) and the com-

mon factors (dt, zt, ft) for all i and t, with fixed means γ and Γ, respectively, and finite variances.

In particular,

γi = γ + ζi, ζi ∼ i.i.d.(0,Ωζ), for i = 1, 2, . . . , N,

where Ωζ is an r × r symmetric nonnegative definite matrix. In addition, ∥γ∥ < C, ∥Γ∥ < C, and

∥Ωζ∥ < C for some positive constant C <∞.

Assumption S1.4 (Random slope coefficients) The slope coefficients βi follow the random

coefficient model

βi = β + ξi, ξi ∼ i.i.d.(0,Ωξ), for i = 1, 2, . . . , N,

where ∥β∥ < C, ∥Ωξ∥ < C, and Ωξ is a p × p symmetric nonnegative definite matrix, for some

positive constant C < ∞. In addition, the random deviations ξi are distributed independently of

γj, Γj, ηjt, vjt, dt, zt, and ft for all i, j, and t.

Assumption S1.5 (Rank condition) Let Γ∗ = E(γi,Γi) = (γ,Γ), Rank(Γ∗) = r ≤ (p+ 1).

Assumption S1.6 (Identification of βi, β, and β) Consider the covariates contained in λt =

(yAt, xAt, dt) and let MG̃ be defined as in (3.14). Then, the following conditions hold:

(a) The p × p matrices T−1X̃ ′
i·MΛ̂X̃i· and T

−1X̃i·MG̃X̃i· exist and are nonsingular for all i. In

addition, their corresponding inverse matrices have finite second-order moments for all i.
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(b) The matrix lim
N→∞

N−1

N∑
i=1

Σvi exists and is nonsingular.

(c) There exists T0 and N0 such that for all T ≥ T0 and N ≥ N0, (T
−1X̃ ′

i·MΛ̂X̃i·) and (T
−1X̃ ′

i·MG̃X̃i·)

exist and are nonsingular for all i. In addition, supiE
∥∥∥ X̃′

i·MG̃
X̃i·

T

∥∥∥ < C <∞.

Assumption S1.7 (Density function) Let {zt}t=1,...,T be a set of i.i.d. IRq-random variables,

where zt has a probability density function (p.d.f.) that satisfies 0 < ρzt(·) < ∞ and is twice con-

tinuously differentiable in all its arguments with bounded second-order derivatives in a neighborhood

of z ∈ int(Z).

Assumption S1.8 (Smoothness condition) The map m(·) : Z → IR is Borel-measurable and

twice continuously differentiable at z in the interior of Z with bounded derivatives.

Assumption S1.9 (Kernel function) K(u) =
∏q

l=1 k(ul) is a product kernel, and the univariate

kernel function k(·) is compactly supported and bounded such that
∫
k(u)du = 1,

∫
uu′k(u)du =

µ2(K)Iq, and
∫
k2(u)du = R(K), where µ2(K) ̸= 0 and R(K) ̸= 0 are scalars and Iq is a q × q

identity matrix. All odd-order moments of k vanish, that is,
∫
uı11 , . . . , u

ıq
q k(u)du = 0, for all

non-negative integers ı1, . . . , ıq such that their sum is odd.

Assumption S1.10 (Bandwidth) Let cH = tr{H2} + {logT/T |H|}1/2. The bandwidth matrix

H is symmetric and positive definite, where each element of H tends to zero. As (N, T )
j−→ ∞,

√
Nc2H → 0, NT |H| → ∞, and T |H| → ∞.

Assumption S1.11 (Lyapounov) For some ς > 0, E[|ϵit|(2+ς)] exists and is bounded.

Assumptions S1.1–S1.2 impose covariance stationarity and moment conditions on common

factors and error terms, as well some independence assumptions that are commonly used in the

literature; see Pesaran (2006). Nevertheless, Assumption S1.2 can be relaxed to allow for unit

roots in the common factors, along the lines set out in Kapetanios et al. (2011). Furthermore,

Assumptions S1.3–S1.4 are quite standard in the common factor literature when the objective is
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the estimation of the means of the unknown parameters. Assumption S1.5 is the rank condition

required by the CCE approach to show εAt
q.m.→ 0, but a similar result can be obtained using more

complicated mathematical proofs, as noted in (Pesaran, 2006). Assumption S1.6 allows for the

individual-specific regressors, xit, to be random and correlated with the common factors. In addi-

tion, Assumptions S1.7–S1.8 are standard smoothness and boundedness conditions on the density

and unknown functions. Condition S1.7 is a rather strong assumption in a context of time series

variables, but we use it to simplify the mathematical proof. However, similar results are obtained

under weaker dependence conditions such as the mixing processes. Furthermore, in several empir-

ical studies this stronger condition may hold when some indexes based on first differences variables

are used. Assumptions S1.9–S1.10 are kernel and bandwidth conditions quite common in the local

linear literature. Note that the kernel function with a compact support in S1.9 is imposed for the

sake of brevity of the proofs and can be removed at the cost of lengthy proofs. Finally, Assumption

S1.11 is required for the central limit theorem (CLT).

In order to derive the main asymptotic distribution of the test statistic in Section 4, we use the

definitions given in Robinson (1988) for the class of kernel functions Kl (where l is an integer) and

the class of functions Gα
µ , α > 0, and µ > 0. Note that the class of functions of Kl belongs to the

second-order kernel and the l subscript denotes the tail property of the kernel functions k ∈ Kl,

not the order of kernels. In addition, the following regularity conditions are necessary:

Assumption S1.12 (Kernel and density functions) The p.d.f. ρz ∈ G∞
µ for some µ > 0 and

k ∈ K2.

Assumption S1.13 (Conditional expectation) Let D = {(zt, dt, ft)}Tt=1 and λt,κ be the κth

element of λt. For 1 ≤ κ1 and κ2 ≤ ℓ, ED|λt1,κ1λt2,κ2|8 < ∞, where ED(·) is the conditional

expectation on D.

Assumption S1.14 (Individual-specific errors) Let ϵi· = (ϵ1t, . . . , ϵNt)
′, where {ϵi·}Ni=1 are

i.i.d. across i. For each i, ϵit follows a linear stationary process with absolute summable auto-
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covariances given by ϵit =
∑∞

τ=0 aiτϑi,t−τ , where ϑit are i.i.d. random variables with zero mean,

unit variance, and finite fourth-order cumulants. In particular, V ar(ϵit) = σ2
ϵ,i ≤ σ2

ϵ <∞, for all i

and some constant σ2
ϵ , where σ

2
ϵ,i > 0.

Assumption S1.15 (Identification of π) Consider the covariates contained in λt = (yAt, xAt, dt)

and let MG = IT −G(G′G)−1G′, where G = (D,F ) is a T × (n+r) matrix. There exists T0 and N0

such that for all T ≥ T0 and N ≥ N0, (T
−1X ′

i·MΛXi·) and (T−1X ′
i·MGXi·) exist and are nonsingular

for all i. In addition, supiE
∥∥∥X′

i·MGXi·
T

∥∥∥ < C <∞.

Assumption S1.16 (Bandwidth) The bandwidth matrix Hz is symmetric and positive definite,

where each element of Hz tends to zero. Moreover, as (N, T )
j−→ ∞, T/N → 0 and NT |Hz| → ∞.

Assumption S1.17 (Bandwidth) (i) The bandwidth matrices Hz, Hx, and H are symmetric

and positive definite, where each element of Hz, Hx, and H tends to zero. In addition, as

(N, T )
j−→ ∞, T/N → 0, NT |Hx||Hz| → ∞; (ii) furthermore, NTtr{H2}|Hx|1/2|Hz|1/2 → 0

and |Hx||Hz||H|−2 → 0 as (N, T )
j−→ ∞; (iii) ρz,x ∈ G∞

1 and kx ∈ K2.

At this point, let us make some remarks on Assumption S1.17. The conditions in (i) ensure that

the kernel estimators involved are consistent. In addition, the conditions in (ii) are introduced to en-

sure that the limiting distribution of NT |Hx|1/2|Hz|1/2Îb is centered correctly at zero under Hb
0. In

other words, they ensure that the asymptotic mean squared error of the kernel estimator ̂̈ϵb,itρ̂zt is of
a smaller order than (NT |Hx|1/2|Hz|1/2)−1, i.e., (tr{H}2+(NT |H|)−1) = op((NT |Hx|1/2|Hz|1/2)−1)

(see Fan and Li (1996) for more details). Finally, condition (iii) contains some smoothness assump-

tions about the joint p.d.f. ρz,x(·, ·).

S2 CCE MOTIVATION

Before proceeding to the analysis of the main asymptotic properties of the proposed estimators,

we check whether the augmented method proposed in Pesaran (2006) can be extended to a semi-

parametric setting when a multifactor structure and spatial processes are allowed jointly.
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Let yAt ≡ N−1
∑N

i=1 yit, xAt ≡ N−1
∑N

i=1 xit, εAt ≡ N−1
∑N

i=1 εit be the corresponding cross-

sectional means, where εit = ((ϵit + v′itβi), vit)
′. Applying cross-section averages on (2.3)-(2.5)

implies

 yAt

xAt

 = B
′
Adt +M(zt) + C

′
Aft + εAt, (S2.1)

where BA, CA, and M(zt) are the sample averages over i of

Bi ≡ (αi, Ai)

 1 0p

βi Ip

 , Ci ≡ (γi,Γi)

 1 0p

βi Ip

 , and Mi(zt) ≡ (mi(zt) g′i(zt))

 1 0p

βi Ip

 ,

respectively, Ip is an identity matrix or order p, and 0p is a matrix of zeros of order p.

Premultiplying both sides of (S2.1) by CA and solving for ft, we get

ft =
(
CAC

′
A

)−1

CA


 yAt

xAt

−B
′
Adt −M(zt)− εAt

 , (S2.2)

provided that

Rank(CA) = r ≤ (p+ 1) for sufficiently large N. (S2.3)

As N → ∞, M(zt)
p→ 0 and εAt

q.m.→ 0 for each t under rather weak conditions, given that

N−1
∑

imi(zt)
p→ 0, N−1

∑
i gi(zt)

p→ 0, and N−1
∑

i β
′
igi(zt)

p→ 0. Then, for sufficiently large N ,

ft − (CAC
′
A)

−1CA


 yAt

xAt

−B
′
Adt

 p→ 0, as N → ∞. (S2.4)

This result suggests that the unobserved common factors ft can be well approximated by a

linear function of observed variables such as yAt, xAt, and dt, so they can be used as observable
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proxies for ft.

S3 A bootstrap procedure: constancy test

An alternative bootstrap procedure can be proposed based on the “fixed regressor bootstrap” given

by Hansen (2000). We propose generating a bootstrapping sample using the observable covariates

(xit, zt, dt) and the residuals that are obtained using the principal component analysis (PCA)

method to estimate the unobserved factors ft and factor loadings γi. For the sake of simplicity,

we only consider the case where dt = 1, so the detailed bootstrap procedure that we propose is as

follows:

i) Estimate the panel data model under Ha
0 by adopting the estimation procedure proposed in

Section 3 for the homogeneous slope case and obtain the residuals ϵ̂a,it = yit−x′itβ̂SP −ϕ(zt, π̂)

and ̂̈ϵa,it =MΛϵ̂a,i· for all i and t. Calculate J
a using (4.2)–(4.4).

ii) Estimate the unobservable common factors ft and factor loadings γi using the PCA method.

Denoting f̂t and γ̂i as the corresponding estimators for ft and γi, respectively, estimate αi

using α̂i = T−1
∑T

t=1(yit − x′itβ̂SP − ϕ(zt, π̂) − γ̂′if̂t) for all i. Then, obtain the residuals

ϵ̌a,it = ϵ̂a,it − α̂i − γ̂′if̂t.

iii) Compute the wild-bootstrap errors from {ϵ̌a,it}i=1,...,N ;t=1,...,T by ϵ̌∗a,it = (ϵ̌a,it − ϵ̌a,i·)η
∗
it, where

η∗it is generated from IIDN(0, 1) for all i and t, and ϵ̌a,i· = T−1
∑N

i=1 ϵ̌a,it. Then, calculate

y∗it via y∗it = α̂i + x′itβ̂SP + ϕ(zt, π̂) + γ̂′if̂t + ϵ̌∗a,it for i = 1, . . . , N and t = 1, . . . , T . Call

{(xit, zt, y∗it)}i=1,...,N,t=1,...,T the bootstrap sample.

iv) Using the bootstrap sample, calculate the corresponding estimators β̂∗
SP and π̂∗, which are the

same as those obtained previously, but with y∗it instead of yit. Then, calculate the bootstrap

residuals as ̂̈ϵ∗a,i· = (̂ϵ̈
∗
a,i1, . . . , ̂̈ϵ∗a,iT )′ =MΛϵ̂

∗
a,i· for all i, where ϵ̂

∗
a,it = y∗it − x′itβ̂

∗
SP − ϕ(zt, π̂

∗).
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v) Calculate the bootstrap test statistic Ja∗, where Ja∗ is calculated in the same way as Ja
n except

that yit is replaced by y∗it. In other words, Ja∗ = NT |Hz|1/2Îa∗/
√

Σ̂∗
a, where

Îa∗ =
1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s=1

̂̈ϵ∗a,it̂̈ϵ∗a,jsK(zt, zs) and Σ̂∗
a =

1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s=1

̂̈ϵ∗2a,it̂̈ϵ∗2a,jsK2(zt, zs).

vi) Repeat steps (i)–(v) for B times to get B bootstrapping test statistics {Ja∗
τ }Bτ=1. Calculate the

bootstrapping p-value p∗ via p∗ = B∗−1
∑B

τ=1 1(J
a∗
τ ≥ Ja). Then, reject the null hypothesis

of homogeneous slope parameters if the resulting p-value is smaller than the corresponding

level of significance.

S4 MONTE CARLO EXPERIMENT

The purpose of this section is to illustrate the performance of the proposed estimators and test

statistics in finite samples using simulated data. Firstly, we analyse the finite sample behavior of

the parametric and nonparametric estimators proposed previously and later we assess the size and

power performance of the proposed test statistics for given sample sizes.

Finite sample performance of estimators

With the aim of investigating the extend to which the proposed estimators capture the effects

of various forms of cross-sectional dependence, we consider two alternative sets of experiments

that involve different hypotheses on the data generating process (DGP). In the first DGP, we

consider a semiparametric model with heterogeneous slope parameters, whereas in the second

DGP homogeneous slope parameters are assumed.

For both experiments, we consider the following DGP

yit = αidit + x′itβi +mi(zt) + γ1if1t + γ2if2t + ϵit,

xit = A′
idt + gi(zt) + Γ′

1if1t + Γ′
2if2t + vit,
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for i = 1, 2, . . . , N , t = 1, 2, . . . , T . In the above DGP, there are two individual-specific regressors,

xit = (x1it, x2it)
′, two observed common factors (zt, dt), two unobserved common factors (f1t, f2t),

and three unknown functions (mi(zt) and gi(zt) = (g1i(zt), g2i(zt))). The observed common factor

zt is a random variable generated from a normal distribution with mean 0 and variance 1.

We next specify how to generate the individual-specific errors, unobserved factors, factor load-

ings, heterogeneous interaction parameter, and other aspects in the DGPs.

a) The factor loadings of the observed common factors are generated as A′
i ∼ IIDN(0.5ı2, 0.5I2),

where ı2 = (1, 1)′ and I2 is a 2 × 2 identity matrix, and αi ∼ IIDN(1, 1), for i = 1, . . . , N .

As Pesaran and Tosetti (2011), αi and Ai do not change across replications and dt = 1.

b) The unobserved common factors are generated as independent stationary AR(1) processes

with zero means and variances 1. More precisely, s = 1, 2, fs,t = 0.5fs,(t−1) + (1− 0.52)1/2ξs,t,

where ξs,t ∼ IIDN(0, 1) across t, for t = −49, . . . , 0, 1, . . . , T.

c) The factor loadings (γ1i, γ2i) of the unobserved common factors in the yit equation are

generated as γ1i ∼ IIDN(0, 1) and γ2i ∼ IIDN(0, 1). Also, for the factor loadings of

the unobserved common factors in the xit equation we consider two different cases for

Γi = (Γ1i,Γ2i) that we denote by A and B, respectively: vec(Γi) = (Γ11,i,Γ12,i,Γ21,i,Γ22,i)
′ ∼

IIDN(Γτ , I4), τ = A,B. In case A, ΓA = (1, 0, 0, 1)′, so the rank condition in Assumption

3.1 is satisfied, whereas in Case B, ΓB = (1, 1, 0, 0)′, and the rank condition is not satisfied.

d) The idiosyncratic errors ϵit of yit are generated according to the following SAR model:

ϵ·t = Φ1/2η·t, where Φ1/2 = (IN − θ0WN)
−1, η·t is a N × 1 vector generated as independ-

ent N(0, 1), and θ0 is the autoregressive parameter which takes three different values (i.e.,

0.3, 0.6, 0.9). Also, WN is a spatial weight matrix generated from independent N(0, 1) ran-

dom variables. Specifically, the weights are constructed so WN is a row-normalized spatial

weight based on an exponential distance decay function whose typical element is such as

ϖij = exp(−ϑij)/
∑

j exp(−ϑij), where ϑij is the distance between units given by the Euc-
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lidean distance. On its part, the individual-specific errors of xit are generated independently

of each other as stationary AR(1) processes: vs,it = ρvsivs,i(t−1) + (1 − ρ2vsi)
1/2ϑs,it, where

ρvsi ∼ IIDU(0.05, 0.95) and ϑs,it are i.i.d. N(0, 1) across i and t. For each i, the three

processes ϵit, v1it, and v2it are generated independently of each other.

e) The unknown functions are generated as mi(zt) = exp(zt)/(1 + exp(zt)) +φi(0.5zt − 0.25z2t ),

g1i(zt) = (1 + φ1i)(1 + sin(10zt)), and g2i(zt) = (1 + φ2i)sin(2zt), where φi ∼ IIDU(0, 1),

φ1i ∼ IIDU(0, 0.12), and φ2i ∼ IIDU(0, 0.12).

Note that the first 50 observations of v1it, v2it, f1t, and f2t are discarded. Further, two altern-

ative assumptions on the slope coefficients are considered. In particular, heterogeneous slopes are

assumed in DGP1 with βs,i = βs + ψs,i where βs = 1 and ψs,i ∼ IIDN(0, 0.04), for i = 1, 2, . . . , N

and s = 1, 2 varying across replications, while homogeneous slope parameters are allowed in DGP2

with βs,i = 1. Each experiment was replicated 1000 times for N = 100, 140, 200 and T to be either

(25, 50, 75). Also, the Epanechnikov kernel k(u) = 0.75(1− u2)1{|u| ≤ 1} was used and we choose

H = Iqh0, where h0 = c0σ̂zT
−1/5 is the bandwidth term, σ̂z the sample standard deviation of the

smoothing variable {zt}t=1,...,T , and c0 = 2.34.

For evaluation of the performance of our estimators, we use the bias and the root mean squared

errors (RMSE) for the slope parameters, whereas the RMSE is computed for the regression func-

tions. In what follows, we shall focus on β1, since results for β2 are very similar and will not be

reported. Results for the full rank experiments (case A) and the rank deficient experiments (case

B) are summarized in Tables 1-2 and Figures 1-2. More precisely, Table 1 and Figure 1 summarize

the results for the heterogeneous slope case, while Table 2 and Figure 2 collect the results for the

homogeneous slope setting.

Overall, the Monte Carlo results confirm the good performance of the proposed estimators in

finite samples. More precisely, the SCCEMG and SCCEP estimators display very small biases and

their RMSEs decline steadily with increases in N and/or T for the different experiments. Further,

for the heterogeneous slope experiments the asymptotic efficiency of the SCCEMG estimators
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Table 1: Small sample properties of the parametric estimators under slope heterogeneity

Bias (x100) RMSE (x100) Bias (x100) RMSE (x100)

θ0 N\T 25 50 75 25 50 75 25 50 75 25 50 75
Case A: Full rank Case B: rank deficient

CCEP
0.3 100 0.057 0.040 0.012 2.771 2.619 1.944 0.129 0.035 0.003 2.588 2.656 1.921

140 0.066 0.066 -0.018 2.108 1.617 1.381 0.027 0.045 0.013 1.896 1.459 1.228
200 0.125 0.001 0.042 1.858 1.565 1.235 0.130 0.004 0.054 1.860 1.567 1.267

0.6 100 0.060 0.042 0.010 2.770 2.649 2.021 0.132 0.038 0.001 2.587 2.657 1.927
140 0.067 0.069 -0.017 2.111 1.621 1.385 0.029 0.047 0.013 1.900 1.465 1.233
200 0.127 0.002 0.043 1.858 1.565 1.236 0.081 -0.015 0.035 1.679 1.511 1.171

0.9 100 0.062 0.044 0.002 2.773 2.624 2.131 0.136 0.041 -0.07 2.591 2.660 2.103
140 0.075 0.081 -0.012 2.174 1.692 1.470 0.043 0.060 0.013 1.962 1.548 1.339
200 0.129 0.004 0.054 1.860 1.566 1.267 0.083 -0.013 0.040 1.679 1.512 1.211

CCEMG
0.3 100 0.003 0.009 0.020 2.670 2.335 1.700 0.070 0.022 0.007 2.535 2.344 1.669

140 0.080 0.067 -0.009 2.069 1.502 1.237 0.032 0.032 0.010 1.900 1.383 1.130
200 0.092 0.000 0.023 1.788 1.434 1.099 0.096 0.003 0.032 1.790 1.436 1.136

0.6 100 0.004 0.011 0.018 2.667 2.335 1.703 0.071 0.025 0.005 2.533 2.344 1.674
140 0.082 0.069 -0.009 2.070 1.504 1.241 0.034 0.033 0.010 1.903 1.386 1.135
200 0.094 0.001 0.024 1.788 1.434 1.101 0.050 -0.007 0.002 1.670 1.360 1.045

0.9 100 0.006 0.014 0.008 2.669 2.338 1.865 0.072 0.029 -0.005 2.536 2.346 1.837
140 0.091 0.075 -0.007 2.117 1.561 1.321 0.045 0.040 0.008 1.955 1.451 1.231
200 0.100 0.003 0.032 1.790 1.436 1.136 0.053 -0.005 0.022 1.672 1.361 1.088

Table 2: Small sample properties of the parametric estimators under slope homogeneity

Bias (x100) RMSE (x100) Bias (x100) RMSE (x100)

θ0 N\T 25 50 75 25 50 75 25 50 75 25 50 75
Case A: Full rank Case B: rank deficient

CCEP
0.3 100 0.053 0.022 0.064 3.098 2.878 2.104 -0.024 0.004 0.084 2.939 2.727 1.909

140 -0.026 -0.041 0.139 2.417 1.758 1.551 0.035 -0.004 0.109 2.227 1.618 1.524
200 0.053 0.022 0.064 2.069 1.704 1.378 0.038 0.036 0.042 1.751 1.527 1.283

0.6 100 0.054 0.023 0.069 3.093 2.879 2.112 -0.022 0.005 0.088 2.938 2.727 1.919
140 -0.025 -0.039 0.139 2.417 1.759 1.551 0.038 -0.003 0.110 2.226 1.621 1.525
200 0.067 0.046 0.062 2.326 2.098 1.992 0.038 0.036 0.042 1.751 1.527 1.283

0.9 100 0.055 0.024 0.127 3.092 2.882 2.314 -0.020 0.005 0.084 2.941 2.730 1.910
140 -0.014 -0.034 0.150 2.473 1.836 1.643 0.057 -0.007 0.126 2.279 1.714 1.631
200 0.069 0.045 0.065 2.078 1.705 1.409 0.040 0.034 0.046 1.758 1.529 1.300
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relative to the SCCEP estimators is confirmed, although the differences between the two estimators

are rather slight for relatively large samples. This general conclusion also holds on the rank deficient

case.

Considering now the results in Figures 1-2 it can be noted that, as it was expected, in both

experiments (i.e., homogeneous and heterogeneous slopes) the RMSEs of the CCEMG and HCCE

nonparametric estimators shrink to zero as the sample size increases. Furthermore, all these res-

ults corroborate that both parametric and nonparametric estimates are robust to the presence of

spatially correlated errors since their RMSEs are steady independently of the θ0 value.

Figure 1: Boxplots of the RMSE values of the nonparametric estimates in 1000 independent
simulations under slope heterogeneity.
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Figure 2: Boxplots of the RMSE values of the nonparametric estimates in 1000 independent
simulations under slope homogeneity.

Finite sample performance of the consistency tests

Finite sample performance of the constancy test Ja: To assess the size and power of the test statistic

Ja, one can consider the null hypothesis Ha
0 : m(zt) = z′tπ versus the alternative Ha

1 : m(zt) ̸= z′tπ,

where π = 1. More precisely, the power of the test is evaluated under m(zt) = exp(zt)/(1+exp(zt))

and we use g1(zt) = (1 + φ1i)(1 + sin(10zt)) and g2(zt) = (1 + φ2i)sin(2zt), where φ1i and φ2i and

IIU(0, 0.12) random variables.

We consider the DGP defined previously where the factor loadings are generated to fulfill the

rank condition (i.e., Case A). Also, the idiosyncratic errors ϵit are generated as stationary AR(1)

processes: ϵit = ρϵiϵi(t−1) + ϑit, where ρϵi ∼ IIDU(0.05, 0.95) and ϑ are i.i.d. N(0, 1− ρ2ϵi) across i

and t. In view of Assumption 4.4, we choose N to be (100, 120, 140) and set T = (25, 50). The
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number of replications is 1000, and we use 200 bootstrap resamples for each replication.

Table 3 reports the actual proportion of rejections of our test under Ha
0 based on the bootstrap

p-values at significance levels 1%, 5%, and 10% , respectively. Also, to examine the sensitivity

of the proposed test to the bandwidth selection, the bandwidth matrix Hz is taken as Hz =

Iq(cσ̂z(NT )
−1/5), where c = 0.5, 0.8, 1.0.

Table 3: Proportion of rejections under Ha
0 based on bootstrap p-values.

10% 5% 1%

c N\T 25 50 25 50 25 50
0.50 100 0.125 0.044 0.072 0.027 0.031 0.008

120 0.137 0.067 0.082 0.035 0.030 0.011
140 0.155 0.079 0.099 0.045 0.052 0.016

0.80 100 0.153 0.061 0.098 0.030 0.039 0.008
120 0.168 0.077 0.101 0.039 0.052 0.014
140 0.195 0.097 0.134 0.048 0.071 0.021

1.00 100 0.181 0.078 0.105 0.041 0.045 0.011
120 0.195 0.092 0.110 0.050 0.047 0.019
140 0.218 0.116 0.148 0.060 0.080 0.018

In Table 3 we can see that the performance of the test statistic is relatively good since it tends

to over-rejection when T = 25 but the results are close to the nominal sizes with the time dimension

increases. Further, it can be noted that the statistic is sensitive to the choice of bandwidth and

small values of c lead to under-rejection.

Considering now the power performance of our test statistic, in Table 4 it can be seen that the

test statistic shows a good power performance in finite simple since the rejection rate increases as

either N or T increases for any value of c, although the best results are obtained when c = 1.

Table 4: Proportion of rejections under Ha
1 based on bootstrap p-values.

10% 5% 1%

c N\T 25 50 25 50 25 50
0.50 100 0.493 0.437 0.440 0.384 0.358 0.299

120 0.498 0.397 0.448 0.346 0.377 0.294
140 0.506 0.375 0.466 0.304 0.403 0.291

0.80 100 0.652 0.552 0.593 0.498 0.499 0.404
120 0.654 0.524 0.587 0.475 0.517 0.407
140 0.669 0.500 0.612 0.444 0.538 0.378

1.00 100 0.729 0.656 0.670 0.526 0.575 0.492
120 0.723 0.638 0.686 0.596 0.583 0.497
140 0.756 0.626 0.707 0.570 0.611 0.488

Finite sample performance of the pooling test J b
n: To assess the size and power of the test statistic

J b
n we consider β1,i = β2,i = 1 for all i under the null hypothesis, and β1i = 2sin(πi/N)− 2/N and
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β2i = 4cos(πi/N) + 4/N under the alternative hypothesis. Further, a similar DGP as the defined

for the previous test statistic is considered, whereas for the selection of the bandwidths we take

Hx = Ip(cσ̂x(NT )
−1/5), Hz = Iq(cσ̂zT

−1/5), and H = 1.3HxHz, where c = (0.5, 0.8, 1.0), so the

conditions in Assumption S1.17 are fulfilled. In the experiment the number of replications is 1000,

and we use 200 bootstrap resamples for each replication.

Table 5 reports the actual proportion of rejections of our test statistic under Hb
0, while Table 6

contains the power performance of our test. As it is expected from the nonparametric literature,

this test statistic is very sensitive to the bandwidth choice. The smallest values of c (i.e. c = 0.5)

leads to over-rejection, and the opposite is obtained for lager values such as c = 1. Nevertheless, in

all cases the proportion of rejections ranges around the nominal sizes as the sample size increases,

specially when c = 0.8. If we consider the performance of the test statistic under the alternative

hypothesis, in Table 6 it can be seen that the rejection rate increases as either N or T increases

corroborating the good performance of the test statistic.

Table 5: Proportion of rejections under Hb
0 based on bootstrap p-values.

10% 5% 1%

c N\T 25 50 25 50 25 50
0.50 100 0.144 0.172 0.092 0.109 0.041 0.056

120 0.138 0.154 0.087 0.103 0.040 0.047
140 0.125 0.166 0.082 0.098 0.037 0.052

0.80 100 0.110 0.047 0.071 0.025 0.031 0.007
120 0.130 0.080 0.093 0.045 0.033 0.014
140 0.134 0.065 0.087 0.039 0.045 0.020

1.00 100 0.082 0.017 0.046 0.010 0.010 0.004
120 0.093 0.026 0.054 0.010 0.024 0.002
140 0.074 0.023 0.051 0.009 0.017 0.003

Table 6: Proportion of rejections under Hb
1 based on bootstrap p-values.

10% 5% 1%

c N\T 25 50 25 50 25 50
0.50 100 0.106 0.174 0.049 0.096 0.009 0.032

120 0.116 0.159 0.055 0.092 0.015 0.040
140 0.117 0.177 0.052 0.108 0.015 0.041

0.80 100 0.318 0.511 0.229 0.459 0.113 0.240
120 0.345 0.635 0.241 0.523 0.123 0.359
140 0.333 0.697 0.232 0.595 0.136 0.413

1.00 100 0.395 0.417 0.291 0.312 0.157 0.163
120 0.489 0.544 0.394 0.425 0.253 0.282
140 0.508 0.625 0.418 0.510 0.251 0.355

15



S5 EMPIRICAL ILLUSTRATION: Data and variables

In order to estimate the knowledge capital production function by Griliches (1979) and recently

revisited by Eberhardt et al. (2013), we build an annual country-level balanced panel data set

covering 24 OECD countries from 1971 to 2014. We build a different dataset than Eberhardt et al.

(2013) for two main reasons. The first reason is a computational one, as exploiting a balanced

data set greatly facilitates the computations, even though the proposed estimators can be adapted

to the case of unbalanced panels. Second, this is also useful to provide novel and complementary

results.

As for the dependent variable (Yit), we use the real GDP at constant prices from Penn World

Table version 9.0 (Feenstra et al., 2015, PWT9). As for the explanatory variables, the capital stock

(Kit) measured at constant prices is also collected from PWT9. Then, for the labor input (Lit),

following (Henderson and Parmeter, 2015, p.142-144) we build a “human capital augmented labor”

variable, where employment is also collected from PWT9 while human capital stock is computed

as in Ertur and Musolesi (2017). To build an R&D stock variable (Rit), we consider gross domestic

expenditure on research and development (GERD) flow values collected from the OECD-STATS

database. Missing values are filled in a similar way as in Coe et al. (2009), and then we calculate

the GERD stock using a perpetual inventory method as in Coe and Helpman (1995), assuming the

depreciation rate to be 0.05. As for the observed common factors, zt, we introduce oil price shocks.

Previous works have discussed what is an appropriate measure of oil shocks, and in particular,

it has been suggested to use an oil shock measure that filters out both price declines and price

increases (Hamilton, 1996). Following this line of reasoning, we construct an oil shock index in a

similar way as Davis and Haltiwanger (2001). Our index equals the log of the ratio of the current

crude real oil price divided by the average of the real prices in the previous 5 years.
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S6 STATEMENTS AND PROOFS OF LEMMAS

Now we prove several lemmas that are used later in the proofs of the theorems. Remember that we

denote X̃i· = Xi·−BX(z), Λ̃ = Λ−BΛ(z), D̃ = D−BD(z), G = G−BG(z), where BX(z) = E[Xi·|zt =

z]ρzt(z), BΛ(z) = E[Λ|zt = z]ρzt(z), BD(z) = E[D|zt = z]ρzt(z), BG(z) = E[G|zt = z]ρzt(z). Also,

cH = tr{H2}+ {logT/T |H|}1/2.

Lemma 1 Under Assumptions S1.2, S1.7–S1.10, as T → ∞ we have

∑
∥z∥≤cH

∣∣∣∣∣ 1T
T∑
t=1

[KH(zt − z)xit − E{KH(zt − z)xit}]

∣∣∣∣∣ = Op

(√
logT

T |H|

)
.

Proof of Lemma 1: This lemma can be proved in a similar way as in Theorem 2 in Hansen

(2008) and it has been omitted for the sake of brevity.

Lemma 2 Under Assumptions S1.2 and S1.7–S1.10, as T → ∞ we have

T−1X̂ ′
i·MΛ̂X̂i·

p−−→ T−1{Xi· − BX(z)}′MΛ̃{Xi· − BX(z)}.

Proof of Lemma 2: Remember that X̂i· = (Xi· − SXA·). Focusing on the behavior of S and

using Lemma 1 it can be shown that, uniformly in z,

T−1Z ′
zKH(z)Zz =

 T−1
∑T

t=1KH(zt − z) T−1
∑T

t=1(zt − z)KH(zt − z)

T−1
∑T

t=1(zt − z)′KH(zt − z) T−1
∑T

t=1(zt − z)(zt − z)′KH(zt − z)


=

 ρzt(z) µq
2(K)H2Dρ(z)

µq
2(K)H2Dρ(z)

′ H2µq
2(K)ρzt(z)

 {1 +Op(cH)}, (S6.1)
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where Dρ(z) = ∂ρ(z)/∂z′. Following a similar reasoning,

T−1Z ′
zKH(z)XA· =

 T−1
∑T

t=1 x
′
AtKH(zt − z)

T−1
∑T

t=1(zt − z)x′AtKH(zt − z)

 =

 BX(z)

Op(H)

 {1 +Op(cH)}. (S6.2)

Similarly, Λ̂ = Λ̃{1 + Op(cH)}. Using this result and (S6.1)-(S6.2), by the Slutsky theorem it

can be shown SXA· = BX(z){1 +Op(cH0)}, uniformly in z. Hence, it is proved that

T−1X̂ ′
i·MΛ̂X̂i· = T−1{Xi· − BX(z)}′MΛ̃{Xi· − BX(z)}{1 +Op(cH)} (S6.3)

and by the law of large numbers, the result of the lemma holds.

Lemma 3 Suppose that either ∥βi∥ ≤ C for each i or that the random coefficient assumption (i.e.,

Assumption S1.4) holds. Then, under Assumptions S1.7–S1.10,

a)
ε′A·εA·

T
= Op

(
1
N

)
.

b) F̃ ′εA·
T

= Op

(
1√
NT

)
and D̃′εA·

T
= Op

(
1√
NT

)
.

c)
V ′
i·D̃

T
= Op

(
1
T

)
and

V ′
i·F̃

T
= Op

(
1
T

)
.

d)
V ′
i·εA·
T

= Op

(
1
N

)
+Op

(
1√
NT

)
and

ϵ′i·εA·
T

= Op

(
1
N

)
+Op

(
1√
NT

)
.

Proof of Lemma 3: This lemma can be proved in a similar way as in Lemma 2 in Pesaran

(2006) and it has been omitted for the sake of brevity.

Lemma 4 Under Assumptions S1.2 and S1.7–S1.10, as T → ∞, we have

T−1Λ̂′MX̂i
Λ̂

p−−→ T−1{Λ− BΛ(z)}′MX̃i
{Λ− BΛ(z)}.
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Proof of Lemma 4: This lemma can be proved in a similar way as in Lemma 2 and it has

been omitted for the sake of brevity.

Lemma 5 Under Assumptions S1.2 and S1.7–S1.10 and assuming that the rank condition is sat-

isfied, as T → ∞ we have

a)
X̃′

i·MΛ̃
X̃i·

T
=

X̃′
i·MG̃

X̃i·
T

+Op

(
1
N

)
+Op

(
1√
NT

)
+Op(cH),

b)
X̃′

i·MΛ̃
F̃

T
= Op

(
1
N

)
+Op

(
1√
NT

)
+Op(cH),

c)
X̃′

i·MΛ̃
ẽi·

T
=

X̃′
i·MG̃

ẽi·
T

+Op

(
1
N

)
+Op

(
1√
NT

)
+Op(cH),

where MG̃ = IT − G̃(G̃′G̃)−1G̃ and ẽi· = (IT − S)ei·, where ei· = (ei1, . . . , eiT )
′ is a T × 1 vector of

the composed error term eit defined in (3.6).

Proof of Lemma 5: Considering the behavior of T−1X̃ ′
i·MΛ̃X̃i· we have to analyze the following

terms separately

X̃ ′
i·MΛ̃X̃i·

T
=

(
X̃ ′

i·X̃i·

T

)
−

(
X̃ ′

i·Λ̃

T

)(
Λ̃′Λ̃

T

)−1(
Λ̃′X̃i·

T

)
. (S6.4)

Writing (2.5) in matrix form and using the Taylor expansion, X̃i· can be written as

X̃i· = G̃Πi + Vi·. (S6.5)

where Vi· ≡ (vi1, . . . , viT )
′, G̃ = [D̃, F̃ ], and Πi = [A′

i,Γ
′
i] are T × p, T × (n + r) and (n + r) × p

matrices, respectively. Similarly, using (S2.1), the elements Λ̃ can be written as

Λ̃ = G̃PA + ε∗A, (S6.6)
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where ε∗A = (0T×n, εA) is a T × (n + p + 1) matrix, εA ≡ (εA1, . . . , εAT )
′ is a T × (1 + p) matrix,

G̃ = [D̃, F̃ ] is a T×(n+r) matrix for F̃ = F−E[F |zt = z]ρzt(z), whereas PA is a (n+r)×(n+p+1)

matrix such as

PA =

 IN BA

0r×N CA

 .

Replacing (II.10)-(II.11) in (II.9) and using the results of Lemma 3,

X̃i·Λ̃

T
=

(
X̃ ′

i·G̃

T

)
PA +Π′

i

(
D̃ε∗A
T

)
+Π′

i

(
F̃ ε∗A
T

)
+

(
V ′
i·ε

∗
A

T

)
+Op(cH)

=

(
X̃ ′

i·G̃

T

)
PA +Op

(
1

N

)
+Op

(
1√
NT

)
+Op(cH). (S6.7)

Similarly, it is straightforward to show

Λ̃′Λ̃

T
= P

′
A

(
G̃′G̃

T

)
PA +

(
ε∗

′
Aε

∗
A

T

)
+

(
ε∗

′
AD̃

T

)
PA +

(
ε∗

′
AF̃

T

)
PA +Op(cH)

= P
′
A

(
G̃′G̃

T

)
PA +Op

(
1

N

)
+Op

(
1√
NT

)
+Op(cH). (S6.8)

Defining Q̃A = G̃PA as a T × (1 + p+ n) matrix and replacing (II.12)-(II.13) in (II.9), we get

T−1X̃ ′
i·MΛ̃X̃i· = T−1X̃ ′

i·MQ̃X̃i· +Op

(
1

N

)
+Op

(
1√
NT

)
+Op(cH), (S6.9)

where MQ̃ = IT − Q̃′
A(Q̃

′
AQ̃A)

−1Q̃′
A. Assuming that the rank condition is satisfied, X̃ ′

i·MQ̃X̃i· is

simplified to X̃ ′
i·MG̃X̃i· and the proof of the result a) is completed. Following a similar reasoning

the rest of the results of this lemma can be proved.
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Lemma 6 Under Ha
0 ,

Σ̂a
p−→ Σa,

where Σ̂a =
2

N2T 2|Hz |
∑N

i=1

∑N
j ̸=i

∑T
t=1

∑T
s=1
̂̈ϵ2a,it̂ϵ̈2a,jsK2(zt, zs).

Proof of Lemma 6: This lemma can be proved in a similar way as in Lemma A.2.3. in Cai

et al. (2020) and it has been omitted for the sake of brevity

S7 MATHEMATICAL PROOFS

Proof of Theorem 3.1: Writing (2.3) and (2.4) in vectorial form and following Fan and Huang

(2005) to control for mi(·), it can be written

Yi· − SY A· = (IT − S)Dαi + (Xi· − SXA·)βi + (IT − S)Fγi + ei· +Op(tr{H2}), (II.1)

where D ≡ (d1, . . . , dT )
′ and F ≡ (f1, . . . , fT )

′ are T × n and T × r matrices, respectively, and

ei = (ei1, . . . , eiT )
′ is a T × 1 vector of the composed error term of the for eit = ϵit + op(1).

Replacing (II.1) in (3.7) and rearranging terms,

β̂SCCE,i − βi = (X̂ ′
i·MΛ̂X̂i·)

−1X̂ ′
i·MΛ̂(IT − S)

[
Fγi +mi(Z) + ei· +Op(tr{H2})

]
(II.2)

given that MΛ̂(IT − S)D = 0 since D ∈ Λ. Then, it is shown that there is a direct dependence of

β̂i of the unobserved and observed common factors (i.e., ft and zt).

Using Lemmas 2 and 5 in (II.2) and assuming that the rank condition holds, it yields

β̂SCCE,i − βi =

(
X̃ ′

i·MG̃X̃i·

T

)−1
X̃ ′

i·MG̃ϵi·
T

+Op

(
1

N

)
+Op

(
1√
NT

)
+Op(c

2
H), (II.3)
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given that, following a similar procedure as in Lemma 3 we can show that, uniformly in z,

T−1X̂ ′
i·MΛ̂Smi(Z) = T−1X̂ ′

i·MΛ̂mi(Z){1 +Op(cH)} so

X̂ ′
i·MΛ̂(IT − S)mi(Z)

T
=

X̂ ′
i·MΛ̂mi(Z)

T
{1 +Op(cH)}

=

(
X̃i·MG̃mi(Z)

T
+Op

(
1

N

)
+Op

(
1√
NT

+Op(cH)

))
{1 +Op(cH)}

= Op(c
2
H).

Using a similar argument we get T−1X̂ ′
i·MΛ̂(IT − S)ϵi· = T−1X̂ ′

i·MΛ̂ϵi·{1 + Op(cH)}. Finally,

the consistency of β̂i follows almost immediately from (II.3) since, under the assumptions of the

theorem, T−1X̃ ′
i·MG̃X̃i·

p→ Σvi and T
−1X̃ ′

i·MG̃ϵi·
p→ 0. Finally, to derive the asymptotic distribution

of β̂i we have

√
T (β̂SCCE,i − βi) =

(
X̃ ′

i·MG̃X̃i·

T

)−1
X̃ ′

i·MG̃ϵi·√
T

+Op

(√
T

N

)
+Op

(
1√
N

)
+Op(

√
Tc2H)(II.4)

and assuming
√
T/N → 0 and

√
Tc2H → 0 as (N, T ) → ∞,

√
T (β̂i − βi)

d−−→ Σ−1
vi

(
X̃ ′

i·MG̃ϵi·√
T

)
.

Then, the proof of the theorem is done.

Proof of Theorem 3.2: We replace (2.3)-(2.4) in vectorial form in (3.4) and approximate the

unobserved common factors by λt. Then, using the multivariate Taylor expansion it can be written

m̂i(z,H)−mi(z) = ι′1(T
−1Z ′

zKH(z)Zz)
−1T−1Z ′

zKH(z)

[
1

2
Qmi

(z)−Xi·(β̂SCCE,i − βi)− Λ(δ̂SCCE,i − δi)

+ ei· +Op(tr{H2})
]
, (II.5)
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where Qmi(z) = [(z1−z)′Hmi
(z)(z1−z), . . . , (zT −z)′Hmi

(z)(zT −z)]′ and, using standard nonpara-

metric techniques, it is straightforward to show T−1Z ′
zKH(z)Rmi(z) = Op(tr{H2}), where Rmi

(z)

is the residual term of the Taylor expansion.

Considering the asymptotic bias of m̂i(z,H) and given the
√
T -consistency of β̂SCCE,i and

δ̂SCCE,i, following a similar reasoning as in the proof of Lemma 2 it is easy to show

E[m̂i(z,H)]−mi(z) =
µq
2(K)

2
tr{Hmi

(z)H2}+Op(tr{H2}) +Op

(
1√
T

)
. (II.6)

Similarly, analyzing the corresponding variance term we have

T |H|V ar(m̂i(z,H)) = T |H|ι′1(Z ′
zKH(z)Zz)

−1Z ′
zKH(z)E(ei·e

′
i·)KH(z)Zz(Z

′
zKH(z)Zz)

−1ι1

=
Rq(K)σ2

ηi

ρzt(z)
{1 + op(1)}. (II.7)

Finally, Assumption 2.1 recalls that ϵit depends on ηit, that is a stationary process independently

distributed of the stationary processes X and G. Then, the CLT can be applied and the proof of

the theorem is done.

Proof of Theorem 3.3: Plugging (II.2) in (3.10) and using Assumption S1.4, by the mul-

tivariate Taylor theorem we get

√
N(β̂SCCEMG − β) =

1√
N

N∑
i=1

ξi +
1√
N

N∑
i=1

(
X̂ ′

i·MΛ̂X̂i·

T

)−1(
X̂ ′

i·MΛ̂F̂

T

)
γi

+
1√
N

N∑
i=1

(
X̂ ′

i·MΛ̂X̂i·

T

)−1(
X̂ ′

i·MΛ̂êi·
T

)
, (II.8)

where F̂ = (IT − S)F and êi· = (IT − S)ei·.

By Lemma 1, T−1
∑N

i=1 X̂
′
i·MΛ̂F̂ = T−1X̃ ′

i·MΛ̃F̃ +Op(N
−1)+Op((NT )

−1/2)+Op(cH) and using
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the results in Lemma 2 it is easily seen that, for all bounded values of the factor loadings,

1

N

N∑
i=1

(
X̂ ′

i·MΛ̂X̂i·

T

)−1
X̃ ′

i·MG̃F̃ γi
T

p→ 0 as N, T → ∞.

Following a similar proof scheme as in the proof of Theorem 4.1 in Fan and Huang (2005) it

can be proved that T−1X̃i·MG̃ẽi· = T−1X̃i·MG̃ei·{1 + op(1)}. Then, using the above results and

Lemmas 1-2, the final expression to analyze is such as

√
N(β̂SCCEMG − β) =

1√
N

N∑
i=1

ξi +
1√
T
∆NT +Op

(
1√
N

)
+Op

(
1√
T

)
+Op(

√
Nc2H), (II.9)

where, assuming that the rank condition is satisfied, X̃ ′
i·MQ̃X̃i· is simplified to X̃ ′

i·MG̃X̃i· and ∆NT =

1√
NT

∑N
i=1

(
V ′
i·MG̃

Vi·
T

)−1

V ′
i·MG̃eit. DenotingW ′

·t = (W1t, . . . ,WNt) andWit ≡ (T−1V ′
i·MG̃Vi·)

−1V ′
i·MG̃eit,

∆NT can be written as

∆NT =
1√
NT

N∑
i=1

W ′
i·e·te

′
·sW·s =

1√
NT

N∑
i=1

T∑
t=1

Witeit =
1√
NT

T∑
t=1

W ′
·te·t.

Under Assumption 2.1, E(∆NT ) = 0 and its variance satisfies

V ar(∆NT ) =
1

NT

T∑
t=1

T∑
s=1

E(W ′
·te·te

′
·sW·s) =

σ2
η

NT

∑
t=1

E(W ′
·tΦW·t)

≤
σ2
η

NT

T∑
t=1

E(W ′
·tW·t)λ

∗
max(Φ) ≤

Cσ2
η

N

N∑
i=1

Σ−1
vi
, (II.10)

where C is a constant term and λ∗max(·) is the maximum eigenvalue of Φ. Note that in order to

obtain this result we resort to Bernstein (2005) (pp. 264 and 271). Under Assumption S1.6(a)

it has been proved that V ar(∆NT ) tends to a non-singular matrix with finite elements. Thus,

replacing this result in (II.9) we get

√
N(β̂SCCEMG − β) =

1√
N

N∑
i=1

ξi +Op

(
1√
N

)
+Op

(
1√
T

)
+Op(

√
Nc2H)
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which proves the theorem as N and T tends to infinity and
√
Nc2H → 0.

Proof of Theorem 3.4: Replacing (II.1) in (3.12) and following a similar proof scheme as in

the proof of Theorem 3.3 it is straightforward to show that, under Assumption S1.4,

√
N(β̂SCCEP − β) =

(
1

NT

N∑
i=1

X̃ ′
i·MG̃X̃i·

)−1 [
1√
N

N∑
i=1

X̃ ′
i·MG̃X̃i·ξi
T

+
1√
T
qNT

]

+ Op

(
1√
N

)
+Op

(
1√
T

)
+Op(

√
Nc2H), (II.11)

where qNT = (NT )−1/2
∑N

i=1 Q̃
′
i·ei· and Q̃i· = MG̃X̃i·. Under Assumption 2.1 and using a similar

reasoning as in (II.10), it can be shown that E(qNT ) = 0 and

V ar(qNT ) =
1

NT

T∑
t=1

T∑
s=1

E(Q̃′
·te·te

′
·sQ̃·s) =

σ2
η

NT

T∑
t=1

E[Q̃′
·tΦQ̃·t]

=
Cσ2

η

NT

N∑
i=1

E(X̃ ′
i·MG̃X̃i·)λ

∗
max(Φ),

which, under Assumption S1.6(b), tends to a finite, positive definite matrix.

Then, using the above results it follows that

√
N(β̂SCCEP − β) =

(
1

N

N∑
i=1

X̃ ′
i·MG̃X̃i·

T

)−1

1√
N

N∑
i=1

X̃ ′
i·MG̃X̃i·ξi
T

+ Op

(
1√
N

)
+Op

(
1√
T

)
+Op(

√
Nc2H) (II.12)

which proves the theorem.
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Proof of Theorem 3.5: Replacing (3.1) in (3.9), by the Taylor expansion of m(·) we get

m̂CCEMG(z,H)−m(z) = ι′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z)

[
1

2
Qm(z) +Rm(z)−

1

N

N∑
i=1

Xi·(β̂SCCE,i − βi)

− 1

N

N∑
i=1

Λ(δ̂SCCE,i − δi) +
1

N

N∑
i=1

ϵi· + φi· + op(1)

]
,

where Qm(z) and Rm(z) are defined as in II.5 form(·), ϵi· = (ϵi1, . . . , ϵiT )
′ is a T×1 vector, and op(1)

captures possible approximation error for ft. Again, using standard nonparametric techniques it

can be proved that when Rm(z) is premultiplied by e′1(Z
′
zKH(z)Zz)

−1Z ′
zKH(z) the resulting scalar

is op(tr{H2}).

Then, to analyze the asymptotic behavior of this estimator is enough to show

√
T |H|(m̂CCEMG(z,H)−m(z))−

√
T |H|ι′1(T−1Z ′

zKH(z)Zz)
−1(J1(z)− J2(z))

=
√
T |H|ι′1(T−1Z ′

zKH(z)Zz)
−1J3 (II.13)

where

J1(z) = T−1Z ′
zKH(z)

(
1

2
Qm(z) +Rm(z)

)
,

J2(z) = T−1Z ′
zKH(z)

[
N−1

N∑
i=1

Xi·(β̂SCCE,i − βi) +N−1

N∑
i=1

Λ(δ̂SCCE,i − δi) + op(1)

]
,

J3(z) = T−1Z ′
zKH(z)ϵA·.

Using Lemma 2 it follows

J1(z) =

 µq
2(K)tr(H2Hm(z))ρzt(z) +Op(tr{H2})

Op(H
3)

 . (II.14)

Following a similar proof scheme as in Theorem 3.3, it can be shown that β̂SCCE,i and δ̂SCCE,i

are
√
T -consistent estimators of βi and δi, respectively. Hence, considering the behavior of J2(z)
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it yields

J2(z) = (NT )−1

N∑
i=1

Z ′
zKH(z)

[
Xi·(β̂SCCE,i − βi) + Λ(δ̂SCCE,i − δi) + op(1)

]
= Op

(
T−1/2

)
. (II.15)

Then, using (S6.1), (II.14)-(II.15) and the Slutsky’s theorem, the asymptotic bias of m̂CCEMG(z,H)

is such as

ι′1(T
−1Z ′

zKH(z)Zz)
−1(J1(z)− J2(z)) =

µq
2(K)

2
tr{H2Hm(z)}+Op(tr{H2}) +Op

(
1√
T

)
.(II.16)

In order to obtain the asymptotic variance of the right-hand side of (II.13), we have to analyze

the behavior of J3(z). Let Ωu∗ = E(ϵA·ϵ
′
A·) be a T × T matrix and using Assumptions 2.1 and

S1.10, by the law of iterated expectations we get

T |H|V ar(J3(z)) = T−1|H|E[Z ′
zKH(z)ΩϵKH(z)Zz]

=

 σ2
ηνNR

q(K)ρzt(z) Op(H)

Op(H) σ2
ηH

2νNR
q
2(K)ρzt

 (1 + op(1)). (II.17)

Therefore, using (S6.1) and (II.17), by the Slutsky theorem, as T → ∞,

T |H|V ar((T−1Z ′
zKH(z)Zz)

−1J3(z)) =
νNσ

2
ηR

q(K)

ρzt(z)
(1 + op(1)). (II.18)

Finally, to complete the proof of this theorem the Lyapounov condition has to be checked. Let

ψ = |H|1/2ı′(1+q)Z
′
zKH(z)ϵA·, where ı(1+q) is a (1+ q)×1 unitary vector. Under Assumption 2.1 and

using the above results, E(ψ) = 0 and V ar(
∑T

t=1 ψt) = (T/N)(2+ς)/2. By Minkowsky’s inequality,

E|ψt|(2+ς) ≤ C1E|ψa,t|(2+ς) + C2E|ψb,t|(2+ς)
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where ψa,t = |H|1/2ϵAtKH(zt − z) and ψb,t = |H|1/2(zt − z)ϵAtKH(zt − z). Analyzing each of these

terms separately and using Assumptions S1.10–S1.11, it can be provedE|ψa,t| = Op(N
−(1+ς)|H|−ς/2)

and E|ψb,t| = Op(N
−(1+ς)|H|2−ς(q−2)/2). Hence, using there results we can conclude

(
N

T

)(2+ς)/2 T∑
t=1

E|ψt|(2+ς) ≤ C(NT |H|)−ς/2,

so the Lyapounov condition is proved and Theorem 3.5 holds.

Proof Theorem 4.1: Under Ha
0 , ̂̈ϵa,it can be written as ̂̈ϵa,i· =MΛ(ϵi· −Xi·(β̂SP − β)− Z(π̂ −

π) +Fγi +Dαi). Following the same reasoning as in the proof of Lemma A.1.2(d)-(f) in Cai et al.

(2020), it can be shown that MΛFγi = Op

(√
T
N

)
= op(1) as T/N → 0. Also, MΛDαi = 0 since

D ∈ Λ. Therefore, one can show easily that

Îa =
1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

̂̈ϵ′a,i·K(Z,Z )̂ϵ̈a,i·

= Îa∗(1 + op(1)), (II.19)

where Îa∗ = 1
N2T 2|Hz |

∑N
i=1

∑N
j ̸=i
˜̈ϵ′a,i·K(Z,Z )̃ϵ̈a,i· and ˜̈ϵa,i· =MΛϵi·−MΛXi·(β̂SP −β)−MΛZ(π̂−π).

Hence, the statistic to study is such as

Îa∗ =
1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

ϵ′i·M
′
ΛK(Z,Z)MΛϵi· −

2

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

ϵ′i·M
′
ΛK(Z,Z)MΛ(Xj·(β̂SP − β) + Z(π̂ − π))

+
1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

(Xi·(β̂SP − β) + Z(π̂ − π))′M ′
ΛK(Z,Z)MΛ(Xj·(β̂SP − β) + Z(π̂ − π))

= IIan1
− 2IIan2

+ IIan3
, (II.20)

where the definitions of IIanl
, l = 1, 2, 3, should be apparent from the context. Using β̂SP − β =

Op((NT )
−1/2) (see Theorem 3.6-3.7 under weak CSD) and π̂ − π = Op((NT )

−1/2) (see Theorem

4 in Pesaran (2006)), it is straightforward to show that under Ha
0 , II

a
n1

= Op((NT )
−1), IIan2

=
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Op((NT )
−1), and IIan3

= Op((NT |Hz|)−1). Hence, IIan3
is the leading term of Îa∗ under Ha

0 . Using

MΛ = IT − PΛ, where PΛ = Λ(Λ′Λ)−1Λ′, we can split up IIan,3 as follows

IIan3
=

1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

ϵ′i·K(Z,Z)ϵj· +
1

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

ϵ′i·P
′
ΛK(Z,Z)PΛϵj·

− 2

N2T 2|Hz|

N∑
i=1

N∑
j ̸=i

ϵ′i·P
′
ΛK(Z,Z)ϵj·

= IIan3,1 + IIan3,2 − 2IIan3,3. (II.21)

Let (cκ1,κ2) be the (κ1, κ2) element of (Λ′Λ)−1 for 1 ≤ κ1 and κ2 ≤ ℓ, it can be proved that

T−1Λ′Λ − E(λtλ
′
t) = Op(T

−1/2). Then, following a similar reasoning as in Lemma A.2.2 in Cai

et al. (2020) it can be shown that NT |Hz|1/2IIan3,2
= op(1) and NT |Hz|1/2IIan3,3

= op(1), so it yields

NT |Hz|1/2IIan3
= NT |Hz|1/2IIan3,1

+ op(1). (II.22)

To derive the asymptotic distribution of Îa we can write TIIan3,1
=
(
N−1
N

)
Ua
n , where

Ua
n =

2

N(N − 1)

N−1∑
i=1

N∑
j=1+i

Ha
n(χ

a
i , χ

a
j ),

Ha
n(χ

a
i , χ

a
j ) = T−1

∑T
t=1

∑
s ̸=t ϵitϵjsKH(zt − zs), and χa

i = (ϵi·, Z) is a symmetric, centered and

degenerate variable.

Note that despite the fact that Ua
n possesses the form of a U-statistic, we cannot resort to the

classical CLT for the second-order degenerate U-statistic (see Hall (1984)) due to the existence of

CSD. However, χa
i is i.i.d. across i conditional on both the observable and unobservable common

factors (i.e. D = {(dt, zt, ft) : t = 1, . . . , T}. Therefore, we can apply Theorem 1 in Hall (1984) to

derive the asymptotic normality of Ua
n since straightforward calculations yield

(i) ED[H
a
n(χ

a
1, χ

a
2)|χa

1] = 0,

(ii)
ED[{Ha

n(χ
a
1 ,χ

a
2)}2+N−1ED[{Ha

n(χ
a
1 ,χ

a
2)}4]]

{ED[{Ha
n(χ

a
1 ,χ

a
2)}2]}2

= Op(|Hz |−1)+Op(N−1|Hz |−2)

Op(|Hz |−2)
→ 0 provided that |Hz| → 0 and
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N |Hz| → ∞ as N → ∞,

where Ha
n(χ

a
1, χ

a
2) = ED[H

a
n(χ

a
3, χ

a
1)H

a
n(χ

a
3, χ

a
2)|χa

1, χ
a
2].

Then, applying Hall’s (1984) CLT, one can show that under both Ha
0 and Ha

1 ,

NTIIan3,1

2ED[{Ha
n(χ

a
1, χ

a
2)}2]

d−−→ N(0, 1), (II.23)

where, under the assumptions of the theorem, it can be shown

ED[{Ha
n(χ

a
1, χ

a
2)}2] =

1

T 2

T∑
t=1

∑
s ̸=t

ED
[
ϵ21tϵ

2
2sK

2
H(zt − zs)

]
(1 + op(1))

=
σ4
ϵ

|Hz|
E[ρz(z1)]

∫
K2(u)du(1 + op(1)). (II.24)

Using (II.20)-(II.24) in (II.19), it is shown that

NT |Hz|1/2Îa = [NT |Hz|1/2Ian3,1
+Op(|Hz|1/2) + op(1)](1 + op(1)).

Hence, we can conclude that

NT |Hz|1/2Îa/
√

Σa
d−−→ N(0, 1), (II.25)

where Σa = 2σ2
ϵE[ρz(z1)]

∫
K2(u)du. Finally, in Lemma 6 it is shown the asymptotic equivalence

between Σ̂a and Σa. Then, the proof of the theorem is done.

Proof Theorem 4.2: Assumptions S1.14–S1.15 ensure π̂ = π +Op((NT )
−1/2), where π is the

probability limit of π̂. In addition, under Ha
1 we have ̂̈ϵa,i· = MΛ(ϵi· − Xi·(β̂SP − β) + [m(Z) −

ϕ(Z, π)] + Fγi +Dαi. Following a similar reasoning as in the proof of Theorem 4.1 and replacing

π̂ by π, we get ̂̈ϵa,i· = MΛ(ϵi· − Xi·(β̂SP − β) + [m(Z) − ϕ(Z, π)]) + Op

(
1√
NT

)
+ Op

(√
T
N

)
since
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MΛD = 0 and MΛF = Op

(√
T
N

)
. Letting M(Z, π) = m(Z)−ϕ(Z, π), as T/N → 0 and NT → ∞

it can be shown that the test statistic to study is such as

Îa =
(
IIan3

+ IIan4

)
(1 + op(1)), (II.26)

where IIan4
= 1

T 2|Hz |
∑T

t=1

∑T
s=1M(zt, π)M(zs, π)K(zt, zs). Note that II

a
n3

is the same term analyzed

previously, so we can conclude IIan3
= Op((NT |Hz|1/2)−1). Considering now the behaviour of IIan4

,

we get

E[IIan4
] =

1

T 2|Hz|

T∑
t=1

T∑
s ̸=t

M(zt, π)M(zs, π)K

(
zt − zs
Hz

)
ρ(zt)ρ(zs)dztdzs

=
1

T 2

T∑
t=1

T∑
s ̸=t

∫
M(zt, π)M(zt −Hzu, π)K(u)ρ(zt)ρ(zt −Hzu)dztdu

=
1

T 2

T∑
t=1

T∑
s ̸=t

∫
[M(zt, π)]

2K(u)ρ2(zt)dztdu+ op(1)

= E{[M(z1, π)]
2}ρ(z1)] + op(1) = Ca + op(1), (II.27)

where Ca = E{[M(z1, π)]
2ρ(z1)} > 0 is a positive constant. Also, it is straightforward to show

E[{T−2|Hz|−1
∑T

t=1

∑T
s ̸=t M(zt, π)M(zs, π)K(zt, zs)}2] = Op(|Hz|−2) = op(NT ). Then, it follows

from Lemma 3.1 in Powell et al. (1989) that IIan4
= Ca + op(1) or, equivalently, IIn4

p−→ Ca > 0.

Therefore, using these results we can conclude that, under Ha
1 , Î

a = Ca+Op

(
1

NT

)
+Op

(
1

NT |Hz |1/2

)
.

Finally, following a similar reasoning as in the proof of Theorem 2.2. in Lin et al. (2014) it is

straightforward to show that Σ̂a converges to a finite positive constant under Ha
1 (i.e., Σ̂a

p−→ Σa as

(N, T ) → ∞). Then, combining the results above together, it is proved that, under the alternative

hypothesis, Ja diverges to (+∞) at the rate of NT |Hz|1/2. This complete the proof of the Theorem.

Proof Theorem 4.3: For the sake of simplicity we denoteWi· = (w′
i1, . . . , w

′
iT )

′ as a T×(p+q)

matrix of covariates, whose tth element is such as wit = (xit, zt), and ρ̂z = (ρ̂z(z1), . . . , ρ̂z(zT )) is a
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T × T diagonal matrix. Then, the test statistic Îb can be rewritten as

Îb =
1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

̂̈ϵ′b,i·ρ̂′zK(Wi·,Wj·)ρ̂ẑ̈ϵb,j·, (II.28)

whereK(Wi·,Wj·) is a T×T diagonal matrix of the formK(Wi·,Wj·) = diag(K(Wi1,Wj1), . . . , K(WiT ,WjT )).

Following a similar reasoning as in (II.19), it is straightforward to show that, under Hb
0, ̂̈ϵb,i· =

MΛ[ϵi·+(mi(Z)−m̂CCE,i(Z))]−MΛXi·(β̂HSCCEP −β)+op(1), as T/N → 0. Then, the test statistic

to be analyzed is such as

Îb =
1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

[ϵi· + (mi(Z)− m̂CCE,i(Z))]′M ′
Λρ̂

′
zK(Wi·,Wj·)ρ̂zMΛ[ϵj· + (mj(Z)− m̂CCE,j(Z))]

+
1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

(β̂HSCCEP − β)′X ′
i·M

′
Λρ̂

′
zK(Wi·,Wj·)ρ̂zMΛXj·(β̂HSCCEP − β)

− 2

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

[ϵi· + (mi(Z)− m̂CCE,i(Z))]′M ′
Λρ̂

′
zK(Wi·,Wj·)ρ̂zMΛXj·(β̂HSCCEP − β) + op(1)

= IIbn1
+ IIbn2

− 2IIbn3
+ op(1), (II.29)

where the definitions of IIbnl
, for l = 1, 2, 3, should be apparent from the context.

Focusing on the behaviour of IIbn1
, it can be written

IIbn1
= IIbn1,1

+ IIbn1,2
− 2IIbn1,3

, (II.30)

where

IIbn1,1
=

1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

ϵ′i·M
′
Λρ̂

′
zK(Wi·,Wj·)ρ̂zMΛϵj·,

IIbn1,2
=

1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

[m̂CCE,i(Z)−mi(Z)]
′M ′

Λρ̂
′
zK(Wi·,Wj·)ρ̂zMΛ[m̂CCE,j(Z)−mj(Z)],

IIbn1,3
=

1

N2T 2|Hz||Hx|

N∑
i=1

N∑
j ̸=i

ϵ′i·M
′
Λρ̂

′
zK(Wi·,Wj·)ρ̂zMΛ[m̂CCE,j(Z)−mj(Z)].

32



Analyzing each element of IIbn1
separately, it can be proved

NT |Hx|1/2|Hz|1/2IIbn1
=

1

NT |Hx|1/2|Hz|1/2
N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s ̸=t

ϵitϵjsρ̂z(zt)ρ̂z(zs)K(zt, zs)K(xit, xjs) + op(1), (II.31)

given that, following a similar reasoning as in (II.21), it is straightforward to show

NT |Hz|1/2|Hx|1/2IIbn1,1
=

1

NT |Hx|1/2|Hz|1/2
N∑
i=1

N∑
j ̸=i

ϵ′i·(IT − PΛ)
′ρ̂′zK(Wi·,Wj·)ρ̂z(IT − PΛ)ϵi·

=
1

NT |Hx|1/2|Hz|1/2
N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s ̸=t

ϵitϵjsρ̂z(zt)ρ̂z(zs)K(zt, zs)K(xit, xjs) + op(1).

Also, considering the behavior of IIbn1,2
and IIbn1,3

, we have to deal with an extremely tedi-

ous proof since there are many summations. Nevertheless, using a symmetry argument and un-

der similar reasoning as above, it can be shown IIbn1,2
= op

(
(NT |Hx|1/2|Hz|1/2)−1

)
and IIbn1,3

=

op
(
(NT |Hx|1/2|Hz|1/2)−1

)
following a similar procedure as in the proof of Proposition A1 and A4

in Fan and Li (1996), respectively.

Focusing now on the behavior of IIbn3
and under similar reasoning as in (II.21), we get

IIbn3
=

1

N2T 2|Hx||Hz|

N∑
i=1

N∑
j ̸=i

[ϵi· + (mi(Z)− m̂CCE,i(Z))]
′M ′

Λρ̂
′
zK(Wi·,Wj·)ρ̂zMΛXj·(β̂HSCCEP − β)

= IIbn3,1
(β̂HSCCEP − β) + op

(
1

NT |Hx|1/2|Hz|1/2

)
, (II.32)

where IIbn3,1
= (NT |Hx|1/2|Hz|1/2)−2

∑N
i=1

∑N
j ̸=i

∑T
t=1

∑T
s ̸=t[ϵit+(mi(zt)−m̂CCE,i(zt))]X

′
jsρ̂zt ρ̂zsK(xit, xjs)K(zt, zs).

Note that in order to show IIbn3
= op

(
(NT |Hx|1/2|Hz|1/2)−1

)
we do not require the conditions in

Robinson (1988) or Fan et al. (1995). More precisely, under the conditions of Theorem 4.3 in

this paper it can be shown β̂HSCCEP − β = Op

(
(NT )−1/2 + (NT |H|)−1 + tr{H}4

)
(see Fan et al.

(1995) for a detailed proof). Using this result in (II.32) and comparing the terms in IIbn3,1
and the

terms in IIbn1
, it is obvious that IIbn3,1

has at most an element of order Op((NT |Hx|1/2|Hz|1/2)−1).

Hence, we can conclude that IIbn3
has the order of Op(II

b
n3,1

)Op((NT )
−1/2+(NT |H|)−1+ tr{H}4) =
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op((NT |Hx|1/2|Hz|1/2)−1). Similarly, we define IIbn2,1
from IIbn2

= (β̂HSCCEP − β)′IIbn2,1
(β̂HSCCEP −

β) + op((NT |Hx|1/2|Hz|1/2)−1). Under similar reasoning as above, it can be shown that E|IIbn2,1
| =

O(1), so we can conclude IIbn2
is of order (β̂HSCCEP − β)′(β̂HSCCEP − β) = Op([(NT )

−1/2 +

(NT |H|)−1 + tr{H}4]2) = op((NT |Hx||Hz|)−1).

Using all the above results in (II.29) we get

NT |Hx|1/2|Hz|1/2Îb = NT |Hx|1/2|Hz|1/2IIbn + op(1) (II.33)

where IIbn can be rewritten in terms of a U-statistic to derive the asymptotic distribution of the

proposed test statistic Îbn obtaining

IIbn =
1

N2T 2|Hx||Hz|

N∑
i=1

N∑
j ̸=i

T∑
t=1

T∑
s ̸=t

ϵitϵjsρ̂zt ρ̂zsK(xit, xjs)K(zt, zs)

=
1

N2T 4|Hx||Hz||H|2
N∑
i=1

N∑
j ̸=i

T∑
t1=1

T∑
t2=1

T∑
s1 ̸=t1

T∑
s2 ̸=t2

ϵit1ϵjs1K(xit1 , xjs1)K(zt1 , zs1)K(zt1 , zt2)K(zs1 , zs2) + ĨbnR

= ĨbnU + ĨbnR, (II.34)

where ĨbnU denotes the case where all four temporal subscripts (i.e., t1, t2, s1, s2) are different and

ĨbnR denotes the sum of the remaining terms. Rewriting ĨbnU in terms of a U-statistic, it yields

T ĨbnU =
(
N−1
N

)
U b
n, where

U b
n =

2

N(N − 1)

N−1∑
i=1

N∑
j=1+i

Hb
n(χ

b
i , χ

b
j), (II.35)

Hb
n(χi, χj) = (T 3|Hx||Hz||H|2)−1

∑T
t1 ̸=t2 ̸=s1 ̸=s2

ϵit1ϵjs1K(xit1 , xjs1)K(zt1 , zs1)K(zt1 , zt2)K(zs1 , zs2) and

χb
i = (ϵi·, Xi·, Z). Again, conditional on D, χb

i is i.i.d. across i, so we can apply Theorem 1 in Hall

(1984) to derive the asymptotic normality of ĨI
b

nU since, following a similar proof scheme as in

Theorem 3.1 in Cai et al. (2020), it can be show

(i) ED[H
b
n(χ

b
1, χ

b
2)|χb

1] = 0.
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(ii)
ED[{Hb

n(χ
b
1,χ

b
2)}2+N−1ED[{Hb

n(χ
b
1,χ

b
2)}4]]

{ED[{Hb
n(χ

b
1,χ

b
2)}2]}2

= Op(|Hx|−1|Hz |−1)+Op(N−1|Hz |−2|Hx|−2|H|−4)

Op(|Hz |−2|Hx|−2|H|4) → 0, provided that

N → ∞ and Assumption 4.6,

where Hb
n(χ

b
1, χ

b
2) = ED[H

b
n(χ

b
3, χ

b
1)H

b
n(χ

b
3, χ

b
2)|χb

1, χ
b
2]. Further, by extending the proof scheme in

the Proposition A.2 in Fan and Li (1996) to this particular scheme it is straightforward to show

ĨbnRn = Op((NT |Hx|1/2|Hz|1/2)−1). Then, by Hall’s CLT, one can show that under both Hb
0 and

Hb
1,

NTIIbn
2ED[{Hb

n(χ
b
1, χ

b
2)}2]

d−−→ N(0, 1) (II.36)

where, under the assumptions of the theorem, it can be shown

ED[{Hb
n(χ

b
1, χ

b
2)}2] =

1

T 2|Hx|2|Hz|2|H|4
T∑
t=1

T∑
s ̸=t

ED[ϵ
2
1tϵ

2
2sK

2(x1t, x2s)K
2(zt, zs)ρ̂

2
z(zt)ρ̂

2
z(zs)(1 + op(1))

=
σ4
ϵ

|Hx||Hz|
E[ρx,z(x1t, zt)ρ

4
z(zt)]

∫
K2(u1)du1

∫
K2(u2)du2(1 + op(1)). (II.37)

Therefore, using (II.35)-(II.37) in (II.34) it is shownNT |Hx|1/2|Hz|1/2Îb = [NT |Hx|1/2|Hz|1/2IIbn+

op(1) so we can conclude

NT |Hx|1/2|Hz|1/2Îbn/
√
Σb

d−−→ N(0, 1), (II.38)

where Σb = 2σ4
ϵE[ρx,z(x1t, zt)ρ

4
z(zt)]

∫
K2(u1)du1

∫
K2(u2)du2.

Finally, in order to verify the asymptotic equivalence between Σ̂b and Σb, we follow a similar

proof scheme as in Lemma 6. From (II.37) it can be verified that E{ED[H
b
n(χ

b
i , χ

b
j)]

2} = op(NT ) so

the Lemma 3.1 in Powell et al. (1989) can be used. Hence, we can conclude that Σ̂b = Σb + op(1)

and the proof of the theorem is done.

Proof Theorem 4.4: We denote Π̃(xit) = x′it(βi − β). Following a similar reasoning as
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in the proof of Theorem 4.2 and using the facts that m̂CCE,i(zt) −mi(zt) = Op((T |Hz|)−1/2) and

β̂HSCCEP−β = Op((NT )
−1/2+(NT |H|)−1+tr{H}4), underHb

1 we get ̂̈ϵb,i· =MΛ(ϵi·+Π̃(Xi·))+op(1),

as T/N → 0, T |Hz| → ∞, as (N, T ) → ∞. Then, the test statistic to be analyzed is such as

Îb =
1

N2T 2|Hx||Hz|

N∑
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1
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′
zK(Wi·,Wj·)ρ̂zMΛΠ̃(Xj·) + op(1)

= IIbn4
+ IIbn5

+ IIbn6
, (II.39)

where the definitions of IIbnr
, for r = 4, 5, 6, should be apparent from the context.

Following a similar reasoning as for IIbn1
it can be proved that IIbn4

is of orderOp((NT |Hx|1/2|Hz|1/2)−1)

whereas IIbn5
is op((NT |Hx|1/2|Hz|1/2)−1). Then, analyzing the behaviour of IIbn6

and using a similar

proof scheme as in (II.21) and by the law of large numbers, we get
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=

1
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2
z(zt)] + op(1) = Cb + op(1), (II.40)

where Cb = E[Π̃(Xit)
2ρx,z(xit, zt)ρ

2
z(zt)] > 0 is a positive constant. Also, it can be shown that

V ar[IIbn6
] = Op(|Hz|−2|Hx|−2) = op(NT ). Then, it follows from Lemma 3.1 in Powell et al. (1989)

that IIbn6

p−→ Cb > 0. Using all these results in (II.39) we can conclude that, under Hb
1, Î

b =

Cb+Op

(
1

NT |Hx|1/2|Hz |1/2

)
+ op

(
1

NT |Hx|1/2|Hz |1/2

)
. Finally, following a similar reasoning as in Lemma

6 we can prove Σ̂b = Σb + op(1) under H
b
1. This complete the proof of the theorem.
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